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Abstract

This volume is a collection of the unclassified papers presented at the Third
Sympogium-on the Plasma Sheath. ~ Plasma Electromagnetics of Hypersonic Flight.
“This:symposiur consisted of the review of progress in reentry communication
-studies-during:the three year period-since the prior meeting. The program of this
ng'_mébgiﬁrh ofg; plasma electromagnetics of hypersonic flight involves a wide range
_ of:scientific-digciplines, -including electromagnetics, aerodynamics, aerothermo-
T chemistry, plasma dynamics, electronics, and high-temperature phenomena. The
papers were selected to explore as many of these facets of research, including the
*resdits”di‘*lhbdratory, flight, and system tests, as time permitted.
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Preface

This volume is a collection of the unclassified papers pre-

sented at the Third Symposium on the Plasma Sheath - The Plasma

Electromagnetics of Hypersonic Flight. The three day meeting,
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which examined the effects of ionized flow fields on the transmission,

reception, and diffraction of radio waves from aerospace vehicles,

&

o

was held in Boston, Massachusetts on September 21, 22 and 23, 1965,
under the sponsorship of the Micrcwave Physics Laboratory-of the
Air Force Cambridge Research Laboratories, Air Force Office
of Aerospace Research.

The term Plasma Sheath has been defined m the two prior
symposia and through technical usage as an envelop: of ionized
gas that surrounds a space vehicle as it reenters the atmosphere

at hypexsonic velocities. Related topics which were considered

it

to be within the scope of this symposium inciude other types of

=

=

= = ionized flow fields, such as the exhausts of chemical, zlectrical,
i and nuclear rocket prcpulsion devices and the wakes of reentry
S
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== vehicles. Also, the hypersonic velocities which iray be attained
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during launch and guided flight of high-performance missiles and

spacecraft-give rise to similar ionization effects as the reentry

“!

plasma sheath. These ionized flow f{ields can all cause perturbation
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or blackout of space-to-ground radio links and, therefore, are of 7
concern in the design of aerospace communications, telsmetry,
reconnaigsance, ard electronic countermeasure systems. The
related topics of radar cross-section and detectability of reentry
bodies and-their wakes were deliberately excluded from major con-
sideration-since these subjects are adequately treated in other
specialized meetings.
A major goal.of the Thiz:d'Plasma Sheath Symposium was the
review of progress.in reentry communication studies during the

three yeat period: since the prior meeting. Several experimental

reentry progfamtof the military and space agencies were initiated

s

and brought to peak activityin.this interval. Examples of these

Socslstbod

-racket programs include the-Air Force's Advanced Ballistic Reentry

) B - Systen:s (ABRES) tests, flight studies of hypersonic lifting reentry

)
o4 sonsnneiad s

=z ; vehicles under the Air Force's Projects- ASSET and START and

L

NASA's Project FIRE, and specific tests of reentry communication
tschniques under the Air Force's Trailblazer If flight program and
NASA's Project RAM. These tests have demonstrated many

important principles of reentry communication systems design,

Hrceloiadde hetheas v ak

including the advantages of the higher micsowave frequencies and




of chemical additives, and the development of techniques for optimum
antenna design and location. Several other approaches for reducing

| reentry signal attenuation, such us techniques which use strong magnetic

: % fields or electron beams, have been studied extensively in the laboratory,
' § but have not yet been fully simulated or flight-tested. The substantiation
&

of these techniques has been aided through the development of shock and

i
i

Theoretical and laboratory programs have also advanced such topics as
% ' the radiative properties of plasma-covered antennas, nonlinear inter-

actions of plasmas with high-power microwave signals, and non-equilibrium

.' i flow field calculations. However, the requirements of ballistic missile —
7 “' systems and manned space flight programs demand an even further

2‘- increase in reentry communication and related research. o

%-T The program of this symposium on plasma electromagnetics of

‘ 3 hypersonic flight invelves a wide range of scieatific disciplines, including 7

electromagnetics, aerodynamics, aero-thermochemistry, plasma dynamics,

\vﬂ
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> § electronics, and high-temperature phenomena. The papers.were selgcfé&”

to explore as many of these facets of research, including the :z/'uoc;.ilis

of laboratory, flight, and system tests, as time permitted.
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wind tunnel {acilities which permit realistic simulation of reentry conditions. -
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The papers presented in the various seasions are
reported in the Symposium Proceedings. This consists of
two separate sets of Alr Force Cambridge Research Laboratories
teports, The claasified papers from the f{inal session on Flight
Tests and Alleviation Techniques are in a report which has
already been distributed. Requests for additional coples of
. this SECRET document by agencies of the Department of Defense,
; thcir }t;ca’t?ac;o;s; aid other Government Agencies should be

directed tc the Defense Documensation Center, Cameron Station,

-Alexandria, Virginia, 223i4. In ordering, Report Number

—AFCRL—6_6-698 (Special Reports. #53, Aug 66) should.be referenced.
= These present reports contain the unclassified papers frora the

other sessions. The papers are ndt presented in the same order

as atthe Symposium, although the papers in each section treat

related topics. In addition, to 2assist the reader who is interested

in the complete Proceedings, the unclassified titles and abstracts

of the papers in the classified report are included here. £

We wish to express our.sincere thanks to those persons
who helped to organize ‘the symposium: to the members of the

Technical Paper Cornmittee, including Paui‘iiube,r._”’i'lﬁso&ore Sims,




and Robert Rawhauser, who undertook the difficult task of
paper selection; to the Session Chairmen,Dr. Ronald Row, A
Dr. Tetsu Morita, Dr. Leopold B. Felsen, Dr, Warren McBee,
Dr. Romayne F. Whitmez, Dr. Glen Pippert;-to Mz. Charles E.

Ellis, Symposium Director; and to Miss Alice Cabhill for

secretarial assistance,

Walter Rotman
Howard Moore
Robert Papa
John Lennon
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PART ONE - Unclassified Abstracis for Classified Reports Included in
the Classiffed Proceedings, Third Symposium on the Plasma Sheath

1. A STUDY OF THE MICROWAVE PROPAGATION CHARACTERISTICS
OF A MODEL ENGINE EXHAUST USING A GELLED METALLIZED
LIQUID FUEL by Compton

II. ANALYSIS OF COMMUNICATIONS ATTENUATION DATA FOR
BLUKRT AND SLENDER REENTRY VEHICLES IN FLIGHT
by Edsall, Bisbing, and Numerich )

Iil. ANALYSIS OF PLASMA-SHEATH ELECTRON DENSITY MEASURE-
MENTS AT ENTRY VELOCITIES by Grantham

IV. AN EXPERIMENTAL FEASIBILITY STUDY OF INJECTANT
MATERIALS TO ALLEVIATE MARS ENTRY COMMUNICATICNS
BLACKOUT by Kelly -

-V, DEPLETION OF FREE ELECTRONS DUE TO WATER INJECTION
INTO HYPERSONIC FLOW FIELDS by Beckwith and Bushnell

VI. GEMINI REENTRY COMMUNICATIONS EXPERIMENT by Schroeder

VII. EFFECTS OF WATER DROPLETS ON REENTRY PLASMA4 SHEATHS
by Kurzius and Ellison
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PART TWQO - Papers From the Session Directed by Ur. Leopold Felsen,
Polytechnis Institute of Brooklyn, New York, N.Y.

WAVEGUIDE ADMITTANCE FOR RADIATION INTO PLASMA
LAYERS - THEORY AND EXPERIMENT by Galejs and Mentzoni

ADMITTANCE OF A PLASMA-COVERED CYLINDRICAL AXNT=NNA
by Meltz, Freyheit, and Lustig

RADIATION PATTERNS AND ADMITTANCE OF AN AXIAL SLOT ON
A PLASMA COVERED CYLINDER by Xnop, Swift, and Hodara

THE RADIATION PATTERN OF AN ELECTRIC LINE CURRENT
ENCLOSED BY AN AXJALLY SLOTTED PLASMA SHEATH by Olte

THE EFFECT OF A FINITE CONICAL PLASMA SHEATH ON THE
RADIATION FIELD OF A DIPOLE by Pridmore-Brown

FROPAGATION OF TRANSIENT SIGNALS IN PLASMAS by Case
and Haskell
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I. A STUDY OF THE MICROWAYE PROPAGATION CHARACTERISTICS OF A
MODEL ENGINE EXHAUST USING A GELLED METALLIZED LIQUID FUEL

R.E. Compton, Jr.
Electronics Department
Martin Company, Martin-Marietta Corporation
Denver Division
Denver, Colorado

This report describes a series of microwave attenuation
measurements that were performed on an 11,6% scale model of an
improved Titan II engine. The model engine burned Alumizine- and:
nitrogen tetroxide and was fired into the atmosphere at an
altitude of 6100 feet,

A microwave diagnostic scheme was utilized to determine
the electron-density and collision frequency of the exhaust -plume
at the exit plane and on axis of the exhaust, Measurements were
recorded simultaneously at 16 and 21 Gc and the resulting atten-
uations in the order of 25 db were used to compute the plasma
properites. Results of the measurements show that the free
electron density and collision frequency are an order of magnitude
higher than thoge results measured on a full scale, Titan II
sustainer engine which uses similar liquid fuels without additives.

The addition of powdered aluminum to a iiquid propellant
engine creates a higher exit temperature and a gas-particle exhaust
medium that is ionized to a high degree, Test results verify that
ﬁigh performance propellants increase the severity of microwave
propagation throu;h the exhaust plume, The improved Titan II plume
characteristics are compared to other liquid and solid propellant

rocket engines,




o IT. (U) ANALYSIS OF COMMUNICATIONS ATTENUATION DATA FOR
i ) BLUNT AND SLENDER REENTRY VEHICLES IN FLIGHT

R. H, Edsall
P, E. Bisbing
F. H, Numerich
General Electric Company
Philadelphia, Pennsylvania

~ The attenuation of communications signals transmitted
fros reentry vehicles in flight is assumed to be attributable
to vhe effects of ionization formed in the flow fiéld surrounding
the vehicle. Theoretical analyses of hypersonic flow are given,
including both viscous and inviscid flow regions. The effects
of chemical nonequilibrium and heat shield contaminants are
included in the analysis of flow field ionization. Nonequili-
- -brium-effects are found to predominate at high altitudes. On
‘the:other- hand; the ionization in the flow field surrounding a
Slender veliicle at low altitudes is very strongly affected by
- the ablating heat shield material. The presence of alkali
‘metals in- trace quantities can significantly enchance the
ionization relative tc¢ its corresponding level in pure air.

The attenuation of communications signals by the
reentry: induced plasma is treated theoretically by considering
the problem of the interaction of plane electromagnetic waves
with a one-dimensional non-uniform plasma. This approach is
uged in a general parametric study, since it is not subject
to the geometry of the transmitting syvtem. Parametric results
have been obtained by numerical integration of Maxwell's
squations through the plasma profi)es obtained from the flow

£ield studies, applying the required boundary conditions.

T T T

i
"

)
BT et 1 any ]

3 AN

.




R ——— ]

The results indicate in general tha? blunt vehicles are pre-
dominantly affected by the volume electron density in the
shock layer; i.e., blackout occurs whenever the shock layer
ionization is overdense, On the oSther hand, for the slender
vehicles the plasma may be treated as a thin sheet, in which
the surface density of electrons determines the propagatio;
parameters. The latter result is a consequence of the fact
that the flow field ionizatiorn is confined to a fractioa of
the thin viscous region (boundary layer) near the vehicle
surface,

Experimental data from ballistic missile flights
involving both slender and blunt reentry vehicles are analyzed.
In the blunt body category, signal attenuation and ionization
probe data from the Mirk 6. are analyzed. Signal attenuation
data for ;he RVX-2A vehicle ars also analyzed. The slender
vehicles included for analysis of flight data are REX, WAC,
RHV, and TVX. In general, it is found that the important
qualitative and quantitative characteristics of thie theory
are verified by the results of the flight experiments. In
particular, it is found that the use of a non-ablating conical
body r=duces the signal attenuation to a négligibie amount,

for ICBM reentry conditions.




IIX. ANALYSIS OF PLASMA-SHEATH ELECTRON DENSITY
HMEASUREMENTS AT ENTRY VELOCITIES

William L. Grantham

Experimental results are given of a flight test
designed to measure the electron density in the flow field of a
hypersonic vehicle. A comparison is made of the flight measure-
ments with nonequilibrium flow field calculations in order to
assess the applicability of the flow field theory. The microwave
reflectometer technique used to make the measurements is presented
with attention given to measurement accuracy and resolution capa-
bility.

iherexparimental payload discussed was launched from
the NASA Wallops Station, April 10, 1964, and achieved a maximum
velocity of'18,1§3~ftlsec during thes ascending portion of the
flight, A three-frequency micrcwave reflectometer system in the
payload measured the plasma-gheath electron density and standoff
distance at discrete locations along the body. A heat-sink
typs .of nose cone was used to Keep the plasma free of ablation

preducts during the data period.
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v, AN EXPERIMENTAL FEASIBILITY STUDY OF INJECTANT MATERIALS
TC ALLEVIATE MARS ENTRY COMMUNICATIONS BLACKOUT#

Arnold J. Kelly
Jet Propula1on Laboratory, California Institute of Technology
Pasadena, California

Y
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A number of Mars lander mission profiles currently

i

under consideration involve atmospheric braking and require that

continuous communication be maintained with the spacecvaft. For

these missions to be successful therefore, requires that some

means be provided to reduce the dsbilitating effects of shock

ey

produced ionization (expected to occur early in the entry

maneuver) upon the fixed frequency telemstry signal.

An experimental program has been initiated to establish
the feasibility of using appropriate materials, injected into
the spacecraft wake, as a means of reducing the free electron
density level sufficiently to eliminate its interference with
telemetry. It has been determined that the flow conditions
(pressure, temperature, electron density) anticipated behind the
bow shock of a blunt Martian entry body can be accurately simulated
by the plume from an energetic (Ducati type) arc.

Four such arcs, operating simultaneously in our vacuum
facility, provide a large ¢~50 cm dia), uniform piume. Immersed
in this plume, its upper surface parallei and contigucus with the
centerline of the plume, is an aerodynamically "clean® flat plate,
through which various electron-capture materials are injected into

the str 'm. The electron density profile existing down stream of




this plate, with and without the presence of injectants, is
-deterained by the use of a swinging microwave diagnostic arm,
This microwave system, operating at a frequency of 24 6CPS,
-monitors electron densities in the range of 1 to 7 x 103? o3
with a spatial resoluticn of~¥4 cm.

Electron density profiles data are obtained at
scvearal downstream stations for various injectant materials.
‘Froa tﬁese~initia1 tests it is possible to make estimates of
the nglafive~efficacy of the species used.

The results are classified ana, therefore, the paper

should bz presented at the classified session.

% This work presents the resulis of one phase of research
carried out at tha Jet Propulsion Laboratory; California
Institute of Technology, under Contract Ho. NAS7-100, sponsored
by the National Aeronautics and Space Administration,

[RPT————————"1

Pn---nmn RN T TN

DS TR LA VSRS DVPRTE N

T

ER YA KL K SRS




o

™

s

b

i

L o m: it

IR S

syl

oot ot

/

b AR

A

criomns

V. OEPLETION OF FREE ELECTRONS DUE TO
WATER INJECTION INTO HYPERSONIC
FLOW FIELDS

I.E. Beckwith and D.M. Bushnell
NASA - Langley Research Center

The recults of the RAM B2 flight test of the effect of
water injection on radio attenuation (NASA TM X989) are analyzed
for electron depletion mechanisms, The mean concentrations of
water droplets (or ice particles) in the flow field, as required
in the analysis, are based on correlations ¢f maximum spray
penetration obtained from wind tunnel tests (NASA TMX-988).
The initial mean droplet diameters are computed from correlations
for cross-current breakup of liquid jets in airstreams (NACA TN 40S7).
A quasi-one-dimensional theory for the mean droplet motion and
evaporation is described briefly and used to compute flow conditions
and species concentrations downstream of the injection site. The
analysis is limited to injection from the side ports of the
RAM B2 vehicle, 7

Both equilibpium and finite rate homogeneocus reactions- are
considered. In the equilibrium case, the only ionic reactions of
any impor-tance were the formation of NO+ and GH-., The free elec-
tron concentrations were generally below the critical value for
VHF transmission (about 7 x 10% electrons per cms) at a distance
of one foot downstream from the injection site as computed on the
basis of equilibrium reactions.

Since equilibrium conditions are unlikely at the low

densities encountered, the assumption of finite rate ionic reactions
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-skould be more realistic. The concentrations of neutral species
wers assumed the same as for the equilibrium calculations and the
enly ionic reaction used was

A -
H+0=NH0 + ¢

with the finite reaction rate cosfficients taken from the data of
Lin and Teare. Electron depletion due to this reaction was
insufficient to account for the observed signal recovery even with
the considcrable cooling effect due to water evaporation.
This pesult suggests that heterogeneous ionic reactions

{that is, those reactions that taks place at or near the surface
of the droplets) must have baen responsbile for the observed
effects of water injsction. In the analysis of these possibls
hsterbgeneous reactions, the detailed mechanisms invoived were not
considered. The minisum water flow rates, injected during the fiight
test, were used to evaluate a factor which is considered to be the
radius of an effective cross-section area for electron depletion
associated with the individual droplets. The application of this

factor, as derived from the RAM B2 results, to predicting

injection flow requirements under other conditions is considered.
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vr. (U) GEMINI REENTRY COMMUNICATIONS EXFERIMENT

L.C. Schroecder
HASA - Langley

This presentation will discuss a flight experiment in =
which water was injected from a Gemini spacecrzft into the =
reentry plasma sheath to reduce the attenuation of RF com-
runications and thereby incresse the strength of the signals
received at ground stations. Three different flow rates were
pulsed into the flow field between the altitudes of 270 K ft.
and 200 X ft. and effects on three frequencies, VHF Voice
(296.8 me), UHF TH (230.4 =c) and C-band {55390 me) were
observed. The origin, develop=ent and description of the
experiment will be reviewed, A brief discussion of studies to
determine penetration and flow requirements and to predict
antenna patterns in the reentry plasma will be presented,
Flight signal strength results will be analyzed as a function
of water flow rate and aspect angle. Comparison will be mada
of mcasurcd with predicted artenna patterns and flow rates

raquired to produce signal recovers.
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VII. EFFECTS OF WATCR DROPLETS ON REENTRY PLASMA SHEATHS

Shelby C. Kurzius and Roy Ellison
.AeroChem Research Laboratoriec, Inc.
Princeton, New Jersey
a subsidiary of Pfaudler Permutit Inc.

Experimental studies of the effects of water sprays
on suppressing ion ai.l electron concentrations in seeded low-
preesure combustion plasmas have been made to determine the -
mechanism by which w.ter sprays are effective in restoring
communications with blacked-out reen.ry vehicles. These
stuc 28 were parformed in hydrogen-hydrocarbon-air flames at
pressures éf'frpm 10 to 100 Torr, Langmuir and ion mass-
spectrometric probes were employed to measure total ion and
electron densities and to identify individual positive :and
negative ion spescies. Large decreases in plasma free electron
cuncentrations were observed upon introducing water eprays to
the plasmas studied. These decrsases have Leen rhiown not to
involve -water vapor. Attachment processes fnvolving_dropiets
are similarly not involved in the mechanism--nor are negative
ions. The results are compatible with a rapid reromb.nation
precess involving droplets as sticks third bodies, Experimental
‘observations of the effect of varying the mean drcplet size and
droplet concentration .on enhanced recombination rates are
interpreted in terms of theoretical predictions and the implica-
tions <f these experiments to the alleviation of attenuation
levels e«perienced in comﬁunications made through reentry plasma

sheaths are discussed,
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Papers From the Session Directed by Dr. Leopold Felsen, Polytcchni.c:lr;sfti_\tﬂt;‘tef
of Brooklyn, New York, N.Y. T




I. HAVEGUIDE ADMITTANCE FOR RADIATION INIO rLASMA LATHES
THEORY AND EXCERDMEET
by
Janis Galejs and Micheel R, Mantzoni

Applied Research Iaborvcory
Sylvenie Electronic Systexs

A Divisica of Sylvania Electric Products, Inc.
Valthaw, Massachusatts 02154

ABSTRACT
Hsvqured admittasce of an X-band wvavsguide radiating into dielectric and
plas=a layers is compared with variationally computed adwittance Yigures.

The wvavemuide adatttonce measurements for polystyrene sheets of varying
thickneazses compered closely with calculations. The admittance iz computed
firat by tssuming the priacipal vaveguide mode and second by using a super-
positicn of sine and shifted cosine waves as trial functions for sperture
fields. Although the uperture fields arz shown to differ significantly 4n
the two cases, the computed admittance date are nearly-the same because of
the stationary character of the admittance expression.

Tae adzittance measurements for plasma layers axe mide during the
diffusion controlled sfterglow of & pulsed discharge conteined in & beile
shaped vessel. Thin Teflon sheets are used to confine the plassa layers to
sn spproximate size or 5x5x 3/4 inches. The elsctren demsity of the plasma
profile is measuwred by Lepgeuir proves at various times during the afterglow.
The plases density was seasured over approximately 70 percent of the thiéliiess
of the plasme lsyerc and s found ¢o be nearly zonstant in this range which
excivded regions niear the boundary. Numerical solutions of the equations for
sxbipolar diffusion during the aftergiow in a rectangular gecmetry show that
the lanteral p.asme density varistions are negligible in the vicinity of the
waveguide, The measured adaittance and plasmm denaity data sare shown to
agree with calculxtions made far homogeneous plsems layars, if & correction
is made Cor elevated ion tesperatures for times of approximetely 10 to 20 us
folloving the discharge. Several computational models consider placma
stratifications neayr the boundary of the plasme leyer but they do not improve
the sgreement hetwesn measurezent and caleniations.
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-WAVEQUIDE ADNITTARCE FOR RADIATION IXTO PLASMA LAYBRS
THEORY AND EXPERIMENT

by
-Janis Galejs and Michazl B, Mentzoni

. 1. YWTRODUCTION
In past slot antenm measurements in the presence of the vlasma sheath
_ {Cloutier and Bachynski, 1563] there have been no attemapts to correlate
- ’ measwred- impedances or reflection coefficients with theoretical calevlations
because of tbe 1ack of a suitable theoretical models. The analytical technigues
‘for. computing the admittance of slots radisting into layered plasmas have been
B ~ daveloped-recently for isotropic plasma that can be represented as a simple
. i -dtelectric.ofia.velative dielectric constant of less than unity [Calejs 1961,
Co- 1965cm b; Villeneuve, 1955]. This paper will attempt to correlate the above
- theorétical impedance calculations with laboratory measurements. The simplest
messursments are possible with slots rediating into dielectric layers and
after reviewing the theory in section 2, such measurements will be described
in ucﬁot; 3. ‘nu experimental setup used for generating a plasma layer will
be discussed in section 4. 1In section 5 the measured admittance figures wiil
be compared with calculations.

2, REVIEW OF THEORY

Variational expressions have been derived for the slot admittance of
waveguides radiating into plasma leyers. The final expressions involve &
double summation [Galejs 1965a], when enclosing the plazma layer by a large
rectangulsr waveguide, or an infinite double integral for a plasma layer that
ir. not bounded laterally [Villeneuve, 1965; Galejs, 1965b]. Eoth formulations

bhave besn shown to become equivalent with inereasing size of the large vaveguide,
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The slot admittance is computed as a function of the sperture fieids of the
waveguide, The trial function for the fields and waveguide aperture is assigeed
to be a superpositivn of the sine and shifted cosine vaves, Yor & rectangular
waveguide aperture which is symestrical with respest 4c the x and ¥ coordimte
axis the trisl functions are of the form

£,(x,y) = sin{k(|x| )] (1)

fB(x,y) =1 - cos[k(}x|-£)]

vhere k is an artitrary parameter and 27 is the length of the aperture, The
amplitudes of the trial functions foliov from the varistiomal formulation and
it is possible to compute ah spproximation to the field distribution in the
vaveguide aperture in terms of {1) and (2).

It is aleo possible to ussume the principsl wvavesuids mode se the apertire
fields,

Ixpedance calculations will be yeported using both the two-term trial
functions (1) and (2) or the principsl vavegside mode as the eperture fields.

3. IMPEDANCE FOR DIELECTRIC LAYRRS

Impedance measurements are simplest to carry out for dielectric layers.
At the same time this provides a non-trivial check of the theoretical develop-
ments., The presence of surface vaves for dielectric layers.of *p/‘o >1
causes edditional singularities in the integrands of the admittance expressicn
snd the mmerical evaluaticn of the integrals using & constant mesh size
approximation can be expected to be less accurete than in the plasms case
(‘p/‘o < 1) whers there are no surface vaves.

The admittance of an X-band waveguide radiating into plasam sheath of
varying thickness d is showe in Pigwe 1. The neasurements are made with a

vaveguide of aperture length x, ani width ¥y In the coaputational modals
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{Galejs, 1965a] the dielectric layer is assumed to be enclosed laterally by
& large veveguide of inside dimsnsions of x, aad A The calculations for
this sntenna ger;aetry are made first with the principal waveguide mode &s the
) electric aperture fields and also for a two-terx trial function using the
same valus of k. (k =0.625 k, k = wVi ¢'). The two sets of calculations
agrez closwly except for sheath thicknesses of approximetely 0.5 cr. The
aperture field distribution which is computed with & two-term trial function
is shovn in Pigure 2, It exhibits significant deviations from the rrincipel
wveguide mode, The field distiibution is nearly triangular for 4 = 0.5 cn,
where the two sets of impedance computations shown in Figura 1 differ most.
The impedaiice calculations have been repeated also for X = k o in the trial
functions. These impedance computations 40 not differ from those with
k =0,625 ké, but thers are minor differences in the computed field distridut-
ions although the sume basic trend of the fields are cbservable, There are
substantial deviations of the fields from those of the principal vaveguide
mole in the aperture. However, due to the statiorary charscter of the admitt-
ance expressions the principel waveguide mode can be used as aperture fields
for impedance calculations.

4.  LABORATORY GENERATION OF A FPLASMA LAYER

4.1 Experimental Arrangement
The plssma-covered slot antenna was simulated in a ‘bell Jar vacum

system gs indiceted in the diagrem of Fiz. 3. The X-baud vaveguide has a Mics

vecuum window and 1is inserted through & vacuum secal at the base of the bell Jar.
Thiis-system could be pumped dovn t0 a pressure of sbout J.O'6 torr before f£illing
it vith helium® gns of tank-grade quality. Alumimm blocks of 8 x 3/4 x 3/k in.

i

i

¥ Argon vas used initially, but it required approximately three times lower
Pressure for achieving a breakdown and hence it was more susceptible to
system impuritics.
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vere placed on top of the itower teflon sheet approximately 5 inches apart in
& direction parallel to the short dimension of the rectangular waveguide
opening. A plasma layer symwetrical vith respect to a tisecting plane parallel
to the ground plane is required for obteining a predicteble smbipolar diffusion
profile. To achieve this, a teflon sheet was placal on top of the electrodes.
This sheet a’so served as & support for & double langeuis probe during electron-
density measurements. Figure L shows a photograph of the bell jar and of the
associated microwave circuitry. A photograph of the operating discharge is
shown in Pig. 5. A teflon strip surrounds the electrodes in order to further
cont ine the discharge to the space between electrodes. The plasmy layer ig
generated in a bell jar during ea active 2 usec discharge and it declines
thereafter according to the rate of elcctren removel from the aftergloc. Both
the electron density and the slot admittance were messured independently during
the time followinz the active discharge,

4,2 Tangmuir Probe Messurements

Electron and ion number densities and electron tesperatures were
messured as & function of time using & double Langmuir probe, The probe, showa
in Fig. 6, consists of two 1 rm tungsitan wires mounted 5 m= apart. The wires
are beaded with pyrex glass and have polished planmar collecting ereas flugh
vith the glass. To provide rf shielding the beaded wires are enclosed by o
5/8" pyrex tube, gold plated on the inside surface. All ths external circuitry
of the probe was hougsed in a Faraday cage. The probe, which was resoved during
antenna admrittance neasurements, was placed directly cpposite to the waveguide
aperture at varicus distances from it.

In reducing the double probe data the Equivalent Tesistance Method described
by Johnson and Malter [1950] was utilized, The mmbe: density of the positive

jons, L is given as

1/2
n, = const, (LP/A)(!ﬂ/T‘_) (2




where 1‘, = positive saturation current, A = effective collecting area,

M = lonic mass, and '!+ » fonic temperatures. The electron dengity can be

" cozputed only vaen a quasi-neutrality is ssaumed and the ion tewperaturs and

mass is koown. Our measuremerts showed that the log 1p vs voltage plot is
livear. In this case the electron distribution is Maxwellisn and the electron
tecperature, T,, can be cvelusted [Johnson and Malter, 19°0]. Also tue electron-
atos womentun transfer collision frequency, Vogs BAS been evaluated from pub-
lished cross-section data. The contribution to the total collision frequency
cauged by electron-ion collisions Voy is emall because T, is high for high

-1.5 {Mentzoni, 1965].

electron-ion densities and Ves™ Te
The double Iangmuir probe measurements yielded gensrally umambiguous 5
probe characteristics with a surprisingly flat saturation curve i:and sharp

"inees” as shown in Fig. 7 from which the values of €, and v vere computed.

The scattering of experimental points shown in the figure is typical for most
of the measurements. The electron energy in the early portion of the gfter-
glov vas quite high ranging from 4 to about 8 eV depending upon discharge 7
current density. At 8 eV and p = .9 torr the electron eollision frequency Vo 3
in heliwm is 1.5 x 107 sec™t yielding a typical ratio vm/u ~ .025 for frequenciss
in the X-band. :
4 typical electron density profile is shown in Fig. 8, The electron
deasity is shown to be approximately constant for distances exceeding 1/8 in.
from the insulating layer confining the discharge., Mo memsurements warc made
for closer distances.
The variations of the electron density profile in the lateral direction
have been estimated by solving the diffusion equation for the anbipolar case

LY
in discharge afterglcu for the rectangular volume becween the slectrodes and

the teflon plates {Mentzoni, 1963]. The electron density ic nearly censtant 3

over approximsvely 80 woreant of the area and the electren density gradient '
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apvears to be negligible in the direction peralisl to the aperture slape in
the vicinity of the slot,

4.3 Admittance Measuremenis

The vaveguide admittance was messured in the sbsence of plas=a vith
standard slotted line techniques. A balanced microwvave reflectometer btridge
was used for the plasma msasurements. 4 typical reflectametar ocutput signal
is shown in Fig. §. ‘ae bridge is balanced to produca zero output in sbsence
of plesms, and the output erproeches again rero as electron density - the
discharge decays. ¥

. -

The discharge was ignited 500 timas per second, Using & pulsed
signal that is triggered from & variable delay line at a tizme t following the
discharge, it is possible £o display the reflectometer cutput at thie time 1,

After rebalancing the reflectcmeter with the aid of & precision atteguator and

phase shifter the attemuation end phase shift settings along with the reflection

coefficients that have been computed in the absence of plasma give the required
irputs for an impedance calculation.

5. ADMITTARCE FOR PLASMA LAYER

It follows from the theory of s homogeneous pluzma layer that the conduct-
ance of the slot is decreased ard that the susceptance becomes more indm:'tive
with an increasing density of the plasca {increasing plasas frequency w, or
decreasing 2iclectric constant (P). These chauges are monotonic with increas-
ing plasma density. In the experimental set-up shown in Fig. 3 it is necessary
to bave an insulating plate to isolate the discharge from ths ground giane and
also a second dielectric plate 1s required to limit the thickness of the
Plasza layer. The effects of tnese dielectric layers are illustrated for
two sets o"r conditions in Fig, 10. An increasing elactric thickness of the

topplate tends to change the shape of the admittance curve. Even scre ma=ked
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-:0:1 in. boundary lsyer of (eo + 3)/2 or ¢, ard & plasmm lxyes with 0.05 in.

gusceptance increases particularly for & larger discontinuity nesr the

) o smmm —=

_chnnges have bzen cbserved by incressing the electyrical thickness of the
bottca plets: & 1/8 inch thick pyrex glass chest (ld/lo = 4,52) csuses an
- ‘increace of both t¥: conduciance and of the megnitude of the susceptance as
¢/, ere decressed from 1.0 te 0.6. It is cbviously desirable to keep the
two-dielectric pletes as thin as pussible in order & chtain spproximately
the case sdmittance bdehavicor as for 2 plawm layer vithout the dielectric
plates. Sheets of 15 and 31 =il teflon (¢y/¢ ) = 2.08) vere celsted ss the
bottose and top cover plates cf the plazme layer. Ths effects of plasas
stratification have been xamined for the four goametries shown in Mg, 11.
Messured plasme profiles shoved an ¢ssentially constant plasmsa Jensity for
distances exceeding 1/8 in. fram the dielectric boundaries, but there wer
no measurements msde at closer distances. The plesms density will taper off
rear the boundaries and the geometries shown in Pig. 11 were exsxined as
possible approximations to this taper. The caspericons include a homogensous

plpu’glﬁetof%,uphs-lsyerorthesuetmlmckussbutvﬁha

boundary layer of LI The corresponding sdsittance data are shown in Fig, 1z,

The decressing pleams density near the dielectric boundaries increases the %
conductivity slightly, but it affects susceptance more significantly. The %

!

Youndary (Model 3 of 0.1 inch boundsry layer of ¢ ). %’
The measured admittance date sre showvn in Fig. 13 togetber with the =

s e

Model 1 of the homogeneous plasma layer, but the tapered plasma models wonld

e arat Lanu

not ixprove the agreement with measurements, The s01id dots are all cosputed
with T* = 3)0°K. The two experimental points corresponding to the samllest
valves of LY represent measurements =ade 10 and 20 microseconds after initiating

the discharge. If these measurements are corrected for ion tesgeratures of

e it

L]
! FTT——




200G and 400°K respectively the circles ere cbtained vhich yield good agree-
ment both for G and B. Such elevated ion temperatures in tne early discharge
afterglcw are not unreasomable.

There i3 2 fair agreemant between the theory ard the experincutal deta,
This theoretical vork does nmot account for the reflections cauged by discharge
electrodes, refleciicns from the bell jar or for the finite sfze of the ground
plane., In view of these uncertainties it is not expected to achieve & better
agreezsnt between seasurexents anxd theory using the present experimental

»rocedure.
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RADIO SCIENCE, Vol. 2 (New Series), No 2, Februury 1967

II, ADMITTANCE OF A PLASMA-COVERED TVLINDRICAL ANTENNA *
6. Neltz, P, J, Freyheir, and C. D. Lustig
Sperry Rand Research Center, Sudbury, Mass., 01776, U.S.A.

Abstract

Based on a variational formulation, an expression is derived for the
admittance of a circumferential gap in an infinite cylinder covered by a

set of coaxial dielectric or plasma layers. The yap is fed by the dominant
TEM wode in a narrowly - spaced, parallel-plate, radial waveguide, Numerical
computations are presented for a multiple-layer model of a lossy plasma*and
for a dielectric layer which supports surface waves, These computations

are compared with admittance measurements of a similarly excited metal cylinder
surzounded by an annulgr plasma., The plasma is produced in a long double-
wall cylindrical vessel by a pulsed d-c discharge in argon at 0.4 Torr., In
the experiment, the radial guide is excited by a small axial probe fed by

a conventional coaxial air line, The admittance viewed in the ceaxial line
is related to the gap admittance by an experimentally determined two-port
network representing the junction region, The measurements are in fair
agreement with calculated values based on a three-layer model of the inhono-
geneous plasma and the discharge tube.

*The paper presented at the Third Plasma Sheath Symposium by
G, Meltz, P.J. Freyheit, and C.D. Lustig "The Admittance of a
Plasma-Covered Cylindrical Antenna®™ has been extensively raodified
by the authors. Due to the modifications the authors have requested
that this paper be presgented only in Abstract, Interested readers are
referred to Radio Science Vel, 2 (New Series), No. 2, Febrnary 1967,
pp. 203-224 for th'- complete version of the paper,
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IRTRODUCTICR

The aduittance characteristics of three types of slotted-cylinder
antennac are considered, namely, the long axial slot, the finite axial slot,
. and the gap antenna vucked by & short-circuited rsdial cavity.

: Most of the present effort is confined to a study of the long slot on
the cylinder. This was done because the computatiocnal requirementsn ere not
too severe, yet the results should be indicative of the trends experienced

by finite apertures in a reentry enviromment. Systematic computstions of

the admittance per umit length are made for various coating coaditions.
Firet, the case of no coating is considered, and results are campared
with those for identical slots on flat ground planes. Secord, the special
& case of the plasma resonant {® = wp, v = 0)coating is annlyzed to deter-
mine whether or not n measurement of the input admittance at resonance will
1 yield diagnostiz information. Finally, the case of a general costing is
treated to ascertain the rffectes of loeses and plasma iphomogeneities on

the admittauce. ]
E ! L-46T6 :
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The exteriar portion of finite apertures oa coated cylinde are not
too difficult to anxlyze hut can l=ad to computatioral difficulties, even
in the far field whiere anysptotic exjansions may oe made to aimplity the
ficld expreszions. In the near fisld, no such expansicns are allowed;
therefore, tho computaticnal requirements of the axternal edmittance are
move severe. FMurtherwore, the siza of the cylinder chosan for the present
analysis (based on sdaptsbilily to feed vith the slotted 1ins) was so large
that addftional difficulties were introduced into the computsations due to
the lxrgs arguments of the Bessel and Bankel fimctions involved.

The wory on tle lsxrge cylinder includres specific coeputations of the
conductance for the uncoated cylinder, and experimentsl results for bdoth
coated and uncca’ed cylinders. Admittance eypcessions for the ccated

. . 1
bhos v e s BT T T e
g i A

cylinier ave given end preliminary calculations of the conductance are
discussed. Eyperimentszl arl theoretical results for radiation petterns

are also discussed,

o e 4
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Finally, the gap anterna, backed by a short circuited readial cavity
and fed by & aurrent element at the periphery is briefly discussed. B8pe-

cefic cawputations of the impedance for the case of no coating are made,

Pl

i

and expressions -rith coating are given.
THE INPINITR SLOT QX A COATED CYLINDER

s

’...,..:u.....;.;.«.mmm-mv‘rusnuann«:-m1;ummwmlmmmumm:ﬁmmmmmmunmﬂmmmmmmmmﬂnl‘nm

"ne gecmetry of the struciure considered is shown in figure 1. A long
slot is cut into an infinite conducting cylinder, and is excited by an
" eJectric £ield vhich 1s uniform along the axls, snd across the slot, and
Jlch varies in time as e*%, The structure is coated with a dielectric,

Wiose coxplex indax of refrection, N may vary in the redial direction.

"

-

e A

Rirduiinitningrhsek sl b s

-

et e T e A T i g A Sl e e e = e bt s e

|
t
|
H
]
i




" ! RIRTNERNR
TREEAEL ot doT L P

Hibarritusa

R P

43

The tangential fields, H, and E¢, at any point exterior to the
cylinder are described by a Fourier series in arimuth, 1.e.,

By (o) = ; Ha(p)e~09 (1)

Blod) « 3 Bglo)e™ ()

Note that equations (1) are independent of the axial coor “-ate, and
that the modal cozfficients Hy,(p) and 34(9) depend only ¢z iae
radial coordinate. These cosfficients are determined by a strxightforvard
application of the boundary conditions {appendix II).

The complex power per unit langth radisted fram the sperture is found
by integrating the radial cosponent of the Poynting vector across the slot,

i.e.,
g.[2 8o/2
= = i * 5, 73
e [ g [ e @
The substitution of equations (1) into equation (2) gives ~

P = %nz-u ; Eﬂt¢‘(3)igz(5) j: e-.’(n-n')ﬁdg

s 3 D B alaleltam = ) Eg'(e)Ea() (3

BTwes =

vhich 1s nothing more than Parseval's theorem in ¢ylindrical coordinstes.l

'
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The external or radiation simittance is defined by?

- gt (a)R(e)
Ta "R‘g -2 ; o )

vhers V, 1s the spplied potential ascross ths alot. Suppose, nor thst the
slot ig fel by a parsllsl-plate vavcguids excited in the TEM mode. It is
agsuaad thad &11 higher modes are negligible so that Bﬂ 1s the only coms-
ponent of tangentisl eleciric field acrvas ths aperture, and is of the form

If the slot 1s sufficiently tiin, then 2, ¥ Ef and dy ¥ a df. There-
fore the following transform pair exists:

~ ¥,
En uy --‘2
(o)
Esvirg specified the elsctric field at the sperture, the external adait- S

tance msy bde caeputea.
X0 COATING

I? the entemns radistes into free space, the normalized externul
sdnittance per wunit length as 3orived in appendix IT is

TN sl2S e (2)(c)
Mewi Y, " Z; m ;!:EW‘S n

Zquaticn (7) vas prograzed on an electronic computer and results were
obtained for two cylinders heving different gspc whose circumflerence~to-
vavelength raflo ranged r?'&it to 45.h. The results are given in

\) - -

o




figure 2. For reference, the admittance of & slot of ths same width oo a

fiat ground plane as given by Harrington? is also plotted in figure 2.
To the accuracy with which one could read Harrington's graph, the ‘admit-

tance of the elot on ths cylinder throughout the whole range of C was

very close o that of a slot on a flav ground plane.
RESOFANT COATING

It has been shown (rsf. &) that orly the m = O mode is supporte! at
the plazm resonant condition, N ~ O, (i.a., ve0, op= m); theretore,
the rsdiation patterns of an infinitely long slot {or the equatorial pat-

terns of & finite slot) are circular, regardless of the sire of the cylin-
der and thickness of the sheath as long &s esch are finite. 8ince the
sudden deformation of the rediation pattern into a circle suggests a
method of diagnosing a reentry plasma, the admitiance was also investigated
to deter=ine its behavior at plasmas vesonance for pozsible means of diag-
nostics., At the resonant condition, thie admittance per unit length
(appendix IT) is:

oree

”m)v -QL-L» {Hc(a) © c _&)] ®

The results of equation (8) are plotted in figure 3 as a function of C
snd W. Agein tvo cylinders wvere chosen with C ranging between 8.% 2nd
45,4, Note tbat for W m 1.00 + €, vhich corresponds to a vanishing
pless=s thickness, the conductance decreases from the free-space value by

an axder of megnitude. Also, ths susceptance can changs from a larg

capecitative to a s=all inductive value or zero when the structure is
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conted with this resopant plasra. As the pinmma becomes thicker, the
sd=ittance per unit length approaches zero. This tendency for the admit-
tance to drup at resonance suggests that a measurement of adeittance could
al30 b2 used for diegnostics.

The admittance of the slot has not yet been computed as the index of
refraction increazes from zero to some small finite value., However, based
upon calculated changes in the radiation patterns due o a small departure
fro= reamnee,;‘ one coacludes that sdditional azimuthal modes (= = 1, 2, 3,

E etc.) are repldly introduced into the ficld depepdence, at lsast for C
= ranging between 22.7 and b5.4. As such, on= can expect that these modes

A . ZEEE will slter, perhsps significantly, the input admfttance froe vhat it is at
-5 4 rescnance; the extent of the alteration increasing with increasing O.

' f However, for small C, this alteration may still be sufficiently small to
X ;‘;— : cause & mgaswrement of the input admittance near aud at plasma rescrance
to be a useful plasma diagnostic tool. This remming to be investigated.

[T Rt TR

GENERAL COATING

_ _ Ths method describsi by Swiftd vas used to analyze the slotted cyl-
-3 inder coated with a dlelectric having a ccplex index of refrection. In

this approach, the wave squation iz mmerically integrated throush the

plazma, thereby avoiding the computational problem of =valuating Bess:l and

3 Eankel functions of cosplex argusents, vhich describe the functional

- : behavior of the fields within the coating. Furtherswre, i{f this metiod e

used, the case of a coating vhose dielectric properties vary redially =ay

e
PR "SUEEN

a7 J be treated.
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Using Swift's notation, the pormalirzed sdmittance for either homo-

geneous or inhomogeneous coatings (see appendix II for an cutline) is:

Yei = zc'ro = g._ﬂ‘_:l g mle) * Sig(s) (9

’ ta'(2) + Ju'(a)
vhere the prime indicates differentistion with respect {o the radial
paramster, )
Cozputations of equation (9) are plotted in figurez 5 and 6 as a
function of complex indsx of refractiom for ccating thickness carresponding

b - a

to - = 0.25 end & slot width corresponding to &}!‘S!ao.as for
) 4

cylinders of aize C = 4, 8, and 22. I% 1s izportant to note thrt the
admittance is relatively insensitive to variaticas {n C. One is therefore
tempted to conclude that the adwittance of identical slots on cylinders
and flat ground planes are, for all prectical purposes, the same” if C 24

and 1Y the losg engle & of the comting 1s between 99° and 1809, and if
the magnitude of B 2 1. .

Fiow field analysls shows thst the electrom denwdity and coliision
tr'equancy may vary considerably within the plas=a sheath. A typical exa=zple
Jf the distribution along x ncxesl ¢o the vehicle is shown in figure 7, and
vss chosen 8 a coating for & cylinder of physical radius 4.152 cm and an
apertwce vidth of 1.016 cal. The sdmittance was computed as a fumction of

the exciting frequency, and the results are given in Z{gure 8.

*A pore general conjecture of this type was suggested during conwnirsa-

tions with one of the vriters (M=) by Y. Rotman of AFCRL prior to the time

these extensive ccmputations were perf i rtmed.

Trats width corresponds to the vidth of & standard X-bend vavep-ide.
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Rineteon sdaittance pointc were compuled in the frequency interval of
10.0 to 1.8 kme, yet this pu=dber was insufficient to establish a smooth
curve bacause of szall-scale fluctuatious. XNonetheless, some interesting
features ars reveelsd. The cost striking arfect occurs in the rzzion of
peak plas=e frequency (10.76 kze}, where the conductance decreases sharply
and pusceptance begins to decrease monotonically.

This sse=s 10 be consistent vith the results of the resonant plasza
coating. At frequancies gbove resonance, the conductance rises rapidly,
it ths susceptances remains relatively constant. A3 the frequency
increases, the aixittance should approach the no coating values. Below
resonance, the curves are fluctuating too much to suggest any general
conclusions.

For the types of distridutions shown in figure 7, the peak plsexs
frzquency saems t0 be a sharp dividing point for the admittance properties
of slots on cylinders. Whether this is true iz gensral remsins to he seer,

THEE AXTAL SIOT O A CCATED CYLINDER

The geometry is slown in figure 9. A vavegulde, exclted in the TEqgy
sode opens onto a cyliidrical groumd plane, with the long dimensicn of the
vaveguide parallel to “he axis of the cylinder. Higher-order modeg are
neglected in the wavepuide, and the slot 48 assmumed to de tuin enfugh 5o
that over the slot X, » E§ and s 4¢ = dn.

Sinze the apertu-s is finite, «=d since the tangential fields wry

with 2, the fields are deccrided by continusus =odes in axie and discrete
zodes in azinuth, i.e.,

Ex{p,$2) = i fs iz(p)c"jh"e'ﬁdh (10e)
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24(p,$,z) = i f‘° %(p}e'me‘ﬁdn {10v)
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And the complex power radisted Ty tbe aperture 1ia

i

!
i

N

. " (2,8,2)B;(s,8,2)a of az (22)

Using Parseval's theorem, equation (11) can be revritten in the follcwing

form

]

IR

. = H2x)% i f ) %’(a)i,__(a}ih (12}

- 2 -

|

I

And, the extermal admittance is:

2 ® E (8)3‘3(3)
Y. = -;.
¢ lvola b= ‘-/:s ]Vola - (15)

I

1i

i

p
i

IT the tangential field is Eq = E¢ the following transform pair exists:

S

F
i

H

%(e,d2) = 32 cos(x3) (1%e)

N\

o {8 cin( f2)
e (ha ﬁ\ (=90/2)

{2ko)

i

|

i

The external adzitiwnce can now be computed using equaticans (13) and (1kd)

i

in comnnectirn with the solutiocn of the boundary-value prodlem, vhich gives
Egz{s).
70 COATIRG
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For this case of no coating, the noreslived exterasl conductance and
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GCV 1 = % [l
2 st m |mz { 53)
fov Yo 2x5kap2 gb (1 + Bom)

Bev Y o om -
" S s Ty e ) G

vhere
* 2(nky)dy
Tng ~ f B i =12 (16a)
P et ]
® (2 = 1 cos(niy g2 {7 - 1 Jay
Ll g
Toy = T L - y2 cos(nky) {Tu(x)da'(x) + Yn(x)%n' ()} dy (160)

S

Bquation {15a) was computed over the X-band range of 6.5 to 13.12 kmc
correspending to a range of slot lengths of 1/2 to 1 wavelength for the
TEpy mode, and the resutts are shown in figure 10. For this range of fre-
quencies and the 13-inch-diameter cylinder used {22 = 13 in.) the parameter
C dncreaces from 22.7T at k = 0.5 to 45.Lb at X = 1.0.

As a partial check of the computations, the width of the slot at
k = 0.5 was allowed to approach zero in order to compare the results with
those of Wait (ref. 5) for the thin resonant slot. Th2 cemputaticns per-
formed here give g, = 0.383 compared to Wait's g, wagt * .34, This
partial check served as & go-ghead for proceeding with the other casres.
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EXPERDMENTAL RESULTS -~ RO COATDHO

The particulnr aize of apertiure and range of cylinder size C consid-
ered in most of the computations were chosen with X-band experiments ir
xind. The cylinder shown in figure 11 18 13 inches in dismeter and
4 inches long, and 18 just large enough to contain s Hewlett-Fackard
slotted line. The aperture size is 0.4 inch X 0.9 inch, whichk corresponds
to the inner dimensions of a standard RG-5ZU waveguide. The short circuit
was realized by placing a small brass plate curved to fit the cylinder sur-
foce and held in place by & strep. Photographs of the end view showing the
feed arrangement and the measuremsnt setup is shown in figures 11 and 12,

The experimental and theoretical results are shown in figure 1%, 7he
measured and calculated values of the input conductance differ by, at most,
5 percent. The sgreement is sufficiently close to conclude that the effect
of highsr-order modes snd/or computstional errors are negligible for the
Jarge-sized uncoated cylinder used hers. Agreezon% between first-order
theory and experiment can also b2 expeited to be good for smeller cylinlers
#ith correrpondingly thinner slots.

EAPERIMERTAL KESUITS - POLYETHYLENE COATING

The cylinder used above for the noncoated condition was coated with e
polysthylene coating (representing, electricallv, an ablstive coating) of a
quarter-inch thickness, i.2., T = b - &2 = 0.25 inch, and measurements of
input weveguide adsdittance were made. Ths dielectric comstant of this
coating waterial waz first measured over the X-band frequency range to
ascertain the correctness of the published valus of €. = 2.25. PFour
saxples were cut out of the polyethylene stock sheet and their dielectric

constaut was measured by hoth the Von-Bippel method ard by Glrectly
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measuring the guide wavelangth in a slotted line completely fiiled with
the sample material. Both methods of measurement gave an €, which was
vithin approximately i1 percent of the published value of 2.25. This is
within the accuracy of the measurements; thus, one can justifiably take
the dlelectric constant as 2.25 within this accuracy.

The polyethylene slzave was "heat fitted" on the cylinder so as to
make & snug fit, and it in estimated that the sccuracy of concentricity
of the outer surface and inner surface of the dielectric coating was within
10.010 inch. The slip fitting of the dielectric sleeve on the metal cylin-
der 15 depicted in the photograph of figure 1k.

The zmeasurements of adoittance were made in the conventional manner as
with the condition of no coating. To realize the short circuit condition
and to avoid the necessity of removing the dielectric sleeve and then
replacing it at each frequency used, tae short was first placed on the non-
coated cylinder at each of the frequencies to be used and the frequency
setting was accurately determined by means of a frequency metex accurate to
within 't?% me (Hewlett-Packard Model X532B). These exact frequencies were
then reused with the short removed and the dielectric slzeve in positien.

Plots of gy, and by, are shown in figures 15 and 16, respectively.

Heasurements vere then repeated for four different circumferential
positiorns of {ixz dielectric sleeve at each of several frequencies, as shown
in table T and figures 15 and 16. The dielectric position. were separated
by increxzents of 90° and designated by positions A, B, C, and D as defined
in table I. It is seen from figures 15 and 16 that the resultant admit-
tance differs fcs each position of the dielextric even though the freoguency

was held constant. Thais can be attributed to one or both of the following
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reasons: for each positicn the "effactive dielectric conptant' of the
coating differs due to the approximately ¥l percent deviation in the cir-
cumferential variation of dielectric constant vhich exists; for each posi-
tion the effective thiclness of the dielestric ccating differs due to the
inner and outer radial variation of app-oximately 20,010 inch. In either
case, such changes influence the mean electrical circuwferentisl length of

the coating, C, here defined by:

-  2x&

C'Vi' W+ 1)F (an

njo

vhere T 415 the mean radfus (E' - and N 45 the mean refractive

Q] S

index. It is seen that the change in due to changes in & (i.e., ¥)

andfor H is
a‘:=%(w+1)&i+§&l (18)
vhich since Wal end N = AT/a |, AT= Ao, fs
L=Lam+Fd (19)

It is recognized that the first term contriduting to AT 1is the
change u circumferential eiectrical length due to_ the change in the
refractive index of the coating whereas the second is due to the change in
thickness of the coating. Now, here upper limdts of AN and Al/u are
spyraxizately Afpay = $0.02 and AT/a = 10.004 so that &€ ~C (0.02b},
oy = 0.024Cny.  For the cylinder used at X-band, Cmay =~ 45, therefore,
the maximm change in C can be &lpyy ™ 1.0; i.e., the mean circumferen-
tial electrical iength of the coating can approach the order cf & wave-

length in the ccating material. Intuitively, oue would expect that such a
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changs “ould very well 1did to o lavrge chonge 1. ioput admitranes. It is

seen that the major contributi(: %o (¥ 4& frem Ad. Thus, for large
cylinders (large C's) sumll chunger an ibe vefractive index may be ;
expucted ¢4 accmunt for the ovserved changss in admittance.

To make rzaningful measwuraeents of the i.put admittance and to com-
pave them vith computed resulta, it follows thm: stricter tolerances on the
refractive index and costing thicimess will be nroosuary Af one uses elec-
srieclly large cylinders. These tolerances will te ¢ - aypondingly
reduced {ms scen from eq. (19)) for smaller cylinders. I3 would seex
then that for an initial trst of theory it may be more s prouriete to use

gealler cylinders.

The rediation patterns asiso seemad to be s2nsilive to smsJl changes

in the electrical parsmeters. 7Tpe messured equatorial plane poticrns sre
shova in figures 17(a} to 17{f) along with the corresponding car<: ed
patterns (using expression 335 of ¥ait2). It is seen that the ngreomnt
between theory and experiment in the forward direction is quite satic-
factory; however, at the higher frequencies {k = 0.80, 0.85, and 0.5C) the
radiation level measurd® in the rear vas consideradly higher than that e
dicted, although for the lover frequencies (k = 0.65, G.70, snd 0.75)
agreezent at tkie rear is still satisfactory. The poor agreement in the
rear Girection may slzo be attributed to the critical dependence on the
paraseters of H and W.
ATMITIARCE GF A COATED AXTAL SLOT

Froz the work of WaitZ the pertinent fields established in region 1
{(a S p D) ant vegion 2 (b § p =) of figure II-1 are given by (3%),
(337), (339), (340}, and (342), (343), {3H5), (346) of Walt, respectively.
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For the sake of brevity, these expreisions vill not be revr_tezs here byl

it is noted that the folloving difference in notatior i3 us=d:

¥Wait's notation Kotation of
this report

u n,

Yo Uy

ko Be

Furthermore, 1t 18 noted here that in table I of Wadt2 (p. 128) that the
coefficient byy should be multiplied bY u, and the coefficient 8ps5 is
lacking x minus sign,

Here sgain the taugentinl electric fields on the cylindrical guface

£ =A are sgeumad 45 be

off slot

B¢(e,¢,z) bod
Bo cos(%l) on clot

(20a)

g:(‘;¢)z) =0 {20v)

From equatica (20a) 1t follows that the trensform of B4 is

By (n,8) = —d r= re - {hz fog -Evowsb%
Eg(3,8) o J f__ Bi(s,8,2)e " Paz af =) E xa) (21)

and froa (339) of Watt ths transform of H, is

Ho(h,e) = uz[_;gn(e)(w) + B,gfa(m)] (22)
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“roo Parsevel's theorem the external {radf=tion) simitiance is

, l" [ Ze - Y2 z I Etn,oEatnelen (23)
o
Using the six tangential bowndary conditions (continuity of 2¢, E,,
A3, H, at p =D, and continuity of Ef and E at pna) and determi-
nants gives expressions for By, ba, and Do, rvespectively, vhere D, is
the determinant formed by the coefficients ey, otc., in table I, p. 128.

of Wait,

Explicitly solving for Bp, bm, 2nd D, and substituting the expres-
sions into equation {23) then gives

— - (YN )] sy #aa) - .0 . 2 oty ofs Pt
— -:’(?)}; pran ‘:v') g ((-aig-;v- o) - TR {‘)81 (@)t - Hefenila
- {3 ,? = (vt . o2 {M’{ﬁ.!.& () - SR pa R ARG - S - (B - I SR )

(2b)
where:
Up = Jp(ua)8(2) " (ub) - 2" (ub)E(2) (wa) (25a)
a = Jn(un)Bnr2) (wb) - o (ub)Ea(2) (ua) (25v)
Im = Jx(ub)En(2) ' (ua) - 3, (ua)B,(2) (ub) (25¢)
Ty = Ja' (w)Ex(2) {us) - ;" (ua)BE(2)" (ub) (253)

5 e partial check on equation {24), consideration of the special case
of no costing (b = a) or an air coating (N = 1) each cause equation {24) to
reduce to equation {15a) and (15b) as should be

pum—
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Fatioaglization and normalivetion of equstion (2% then gives

—(‘:: - ﬁ)msz(?g.‘;}{{ﬂ - A - Ppenzpr i A Bl

S ey TR g « e - x)%.tgg_(nwr} N
}>23 ("‘)i(f)“§ = FDJ ¢ I}z _ _(ﬁFT‘(a)z(!z . ’2) (1 . ﬂ}[’zm E}:(Z)‘x‘)

TR 7-'-“"(’9} (;‘r.‘; Ex(y

Y = e | 1"3.(2)'(9} - en?s? - ;ﬁgéﬁ(?)gv}*lz

where X = GVl - 32, Xz CW{fe vy \ =
a = [Ja(xwg‘(?,-) - Jm'(é-)r:(xa
Ty = Eyn' x%:'(§) - " (@) (xgl
0 - En(é)rm' @ -5 (x)!s(é)]
T = Ei(g)rn(x) - sama()| -
In = -3
T = -3Tn
Uy - -3
Vo = - )

It is important to note that the above expression wvas alsoc derived inde-
perdently by integrating the Poynting vector over s sphericsl surface of
redius r 4n the far field. As a partial check ca equations {27) the case
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af u0 costing (b =, f.r., W = 1l) or na 2ir - -tins ‘% = 3} both reduce

equatione {27) to equation (R4} ke s+.14 bde.

eI S i ML TS D BNttt et

It is noted that the above reduciion of ¥y, shows tint omd; *:~ inte-
gration from 0 §y = . contributes to the conductance {vhich may be antic-
ipated if one considers that the conductance can elso be shtained using

Poymtihg's vector and the redistion fiells).

v
i

Hovever, tbe expresaion for b, wili be of thae form
. fl rE ru
% - + + 28)
dwa ” Jp * Uy * Uy (

for the general case of an arbitrary hbomogpcneous coating. As yet the

explicit form for the integrands of equation (28) nas not been obiained.

An attempt was made to program a modified form of equation
{27) in order to _ompute the conductance of the axial slot on
the 13-inch-diancter coated cylinder. However, the results
seerz:d tc be in error by at least 6 pervent. Possible errors
in this computation are still being invescigated by examining

a plot of the integrand of equations (27).
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The sitarna uandes .iscussicn, shown in figures 15, 15, and 20, is
28, matially 4 cylind-ical geomewrs versiom o, & splerfcsl siot antenna
daperdbi : by Musiake 304 Vebgter . S—ch an aatsam, ber izteresticg fes-
twes chat sake it extresmely uscful sz & diagnosti- o0l for reentry plercs
cheatls. To name a fov:

1. Its cylindricel structure vith o profruding et sllovs it o be
an integrsl part of the reestry vehicle.

2. The feed systes comsisting of the inmer ccnductor of a coaxial
cedble scross & grp much smmller than a wevelength supports s wilfors cur-
rent; as & result, solutions ane possible without assuming an stelwge
field distributic. :

2. In spite of suck £ porrow gap, the antenna is an exceiient radiator

vhen its circuxference it spproximately egual to 2 wavelengths., Al VE& fre-

wabd b

quencies, the phypical size of the antenns is competible »#ith the size of
zary szall reestry vshicles.
5. An additional fepiire of the ncrow gap I= to rule out the existence :

of exial msznetic flelds at the aperture and ins:de the gmp. Conwequently,

only azfatthal E,, modes are excited and this Zield distvibution is =ain.
tainAd even in the presence of redielly nonhomogencOus plammas,

5. The an is & rescmart structure whose rediation and izpediunce
Froperties wre deterzined only ty one significant esi=uil=l zode. From the
ousber of lobes in the radiation patiern, it is posaible to determine the

signifi-ant oodal izpedance.
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6. Firally, this is an antenna vhich is amenable to simple mathe-
watical analysis, permitting accurate prediction of both far and near field
performance.

In this paper the antenns input impedance both with and without plasma
coating is discussed. Experimental checks are only given fo: no cocating,
and are correlated to the radiation patterns.

INPUT TMPEDANCE WITH NO PLASMA COMTING

Consider the cylindrical gap antenna depicted in figure 18. The gap
width 4 is narrow compared to the free-space wavelength 'Ao(d << 7‘0) and
is formed by o radial waveguide short-circuited at its center by a spacer
of radiue p = p,. The yap is fed by a coaxial line located at the rim of
the guide st p = a. The cosx center conductor makes electrical contact
with the guide top place end its outer conductor is shorted out against the
bottom piate. Because the gep width is small, with respect to the wave-
length, the current along the coax inn:'~ corductor across the gsp can be
taken to be constaut and equal to I. If the voltage in the coex is V,,

the antenna input impedance presented by the gap to the coax is
V,
Zyp =-F (29)

This is not merely a definition but also a measurable quantity related to
the reflection coefficient I’ 1in the coex via its characteristic imped-

ance g,

Zyn = Zo TET (20)

In order to calculate Zy,, refer to figwre 21 wnich shows the feed region
grossly enlarged. The voltages V. and Vg in the coax and 1n the aper-

ture, respectively, e related by Maxwell's equations to the magnetic flux
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enclosed by the line integral of the electric field yielding theee voltages,

that 1is,

for a perfectly conducting wire.

va-vc=-§gﬂ§.£

The invegration ig over the surface

defined by the loop boundary Jjust described.

tion (31) is the inductive reactsuce of the loop,

(31)

The right~hand side of equa-

imgly times the total

current I fLlowing in the wires end spreading tnrough the radisl guide

plates.

..vc

Vv,

Y.
1

I

+ 1w

ol

Eguation (29) can thus be rewritten after dividing by T

(32)

- is irmediately recognized as the input impedance 24, being sought.

The ratio e has the dimensions of an impedance and Zs defined as the
T ===

anteuns aperture impedance.

It w/.1L be shown that the aperture impedance

is not in gezeral directly measursble, but in some cazes it can be calcu-

lated from & knowledge of the fields in the aperture.

can be considered to be solely due to the reactance of the loop.

Equation (32) may now be expressed as follows®

vhere the first term in parenthesis is equal to iIr-E and tne second to

1mgL; .

Zin = (Za * Zag) + (Zeu + Z¢)

Zo, and the mitual Zge » Zeg.

The quantity imyip

(33)

Each parenthesis consists of two parts, the self-impedances Z,,

(The £ and & subgeript denote, respec-

tively, feed and aperture impedancis.) The two impedances, aperture and

*Dr. George I. Cchn made the analysis described by equations (33)

to (38).
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feed, can sometimes be calculscrd and/or measured independently of each
other if the interaction caused by the matural impedauces is negligidbla.
This is the case if the fields can be divided on & spatisl bagis into sub-
volumes such that the fields in any one subvolyn: can be attributed only to

sources not producing fields in any other subvolume. Thus, if

|Zag] << |24 (zhe)
or
|Zee] << |2d] o ()

then 2, = :%9- is directly calculable frcm the fields in the gnp vhich ars
obtained by solving the electromagnetic bowdary velus problem. Z¢ 48 the
wire inductive reactance in the absence of tbz gap.

The flux common to two subvolumes is always less than the gelf-linking

flux; therefore,

Zae] S 24 (358)
or

[2ae| = 12¢]
One vay to insure separability of impodances as glven by equation (33) ie
+0 demand

|2 < I2] (%)
or

22| << [ o

that is, either the wire inductive resctancg is much smaller than the aper-
ture impedance or vice vexrsa. It will be showm that the feed wire indue-
tive reactance can be mada to fulfill the inequality equation (%b) for the

gap antemna in guesticn and vanishes as the gap goen Lo zero., The feed
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impedance Ze eand the sperture impedance Z, (in the absence of coupling
between them) will now be calculated, keeping in mind that as long as equa-
tion (36b) is satisfied, the antenns input 3'ipedance Zy, 48 the sum of
these two contributione.

An upper bound on the feed wire inductive reactance is estallished by
calcoulating the inductance of a coaxial line of length d with inner and
outer radii r; and rp. Using the geometrical approcimation; it is

easily shown that

Zf=577%1n;§0 (31)

[22] ~ 300 (38)

Since the antenna is to have an input impedance of 500 resisiive Iin oxder
10 match the coax characteristic impedance, equstion {36) is nct fulfilled
and the input impedance is not separsble into feced and sperture. Changing
the outer to inner coax radii ratioc in equation (37) is uot as effective ns
reducing the gap width since the logaritim vaeries slowly with the ratic in
question. Eowever, if the gap width is reduced by 1/2 or 1/3 zorresponding
to d/A, of the order of 1/60 to 1/100, equation (36) is fulfilied and the
impedance is separable.
The solution of the electromagnetic fields subject to the boundary

conditions yields the sperture admittance, Y, = ':\IE for each peripheral
mode m, vhere Vi = Epp d, is the voitage across the gap for the mth mode

as shown in figure 22. The total gperture impedance is in turn relsted to

T, by
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%=Zﬁ=‘%—%+i(é”m;7 (39)
where Bmi is the susceptance presented at the feed by the interior
region, and G, and By is the admittance contributed by the exterior
region. For a narrow gap, with uniform feed current, ih: resultant modal
admittance Y, normalized with respect to the wave impedance in the
exterior space Y, ((1200)‘1 for free apace) has been found to be

To s o i(nt o n)
1 omale mé%ﬁ
et i{o ‘.‘(z)(.er'. 7’1”7 (‘c) f W__TJT}

. i !-.n) wq-;_’) s-eé}-gﬁ'f-el-)_ - b7 1)
\.m,{f A 3-( ‘(z’(."‘-.“ .uc-?ﬁzﬁﬂ_i—? jl t.(n,(;!_ ““2?&7—

LSRRIt e [t )

[ Ta' {0YTalro) = Zalro)tatl Mae -‘“
A ]l[“‘::.(-.)"r,(re) - ’-('c)'n(‘o)i e F (§)

(ko)
X, 85, d5, T, being respectively normalized: wave mumber k/ko,
cylinder radius kgs, gap width k,d, spacer redius kgpy. Y, was
derived by calculsting the fields ir both regions, matching them at the
boundaries between antenna and exterior reglon taking into account the
discontinuity in current.

For each mode m, there exists a current sheath J,; around the gap
periphery which is independent of z (fig. 22). The eiectric field
across the gap resulting from this current density is also independent of
z at the interface. It follows that the locally induced magnetic field

at the interface does not vary along the gap width. Pursuing this reasoning
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reasoning further, 2only e z-dependent H¢ could produce an E, component
and this cne in turn would produce an Hy. One therefore concludes that,
in the avsence of z-dependent rield componeats, no H, component is gener-
.ted at the gap interface.
EVALUATION OF APERTURE IMZEDANCE Z,

Equation (40) for gy, b, end bl was used to calculate the
various modal impedarces for a frequency scaled up model of the cylindrical
gop anterns under study. The model zhown in figures 19 and 20 was designed

4o operate around 1090 mec with the following parameters:

Gep width, 4 =G inch, &, = 0.156
Spacer radius, p, =1 inch

Gap radius, a = 3 inches, 8g = 2.13
Operating wavelength, 3, = 8.81 inches

Graphs showing pertinent calculations of g,, by, and o, are shown in
figures 23, 24, and 25. The calculated normalized conductance and suscep-~
tance for the ;;‘bove parameters as well as the unnormalized corresponding
impedsnces are shown in ¢able IT for mode numbers ranging from m = 0 to
i = 9. The important feature of these result~ is the fact that for an
aniemna circumference aprroximately two wavelengths, the first order mode
(m = 1) contributes most significantly to the impedance. The medes below
(m = 0) have a reactance that tends to cancel the reactance of the modes
sbove 1t (m 2 2}, In essence, for each value of 8o the antema is &
resonant structure, with one contributing mode. (For a5 ~ 1 it con be
shown that Z, is the resonant impedance.) The resonant mode determines

both the impedance as well as the radiation characteristics. For the
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specific cholce of parametere sbove a, » 2,15, the messwred radiation
T pattern shown in figure 26 exhibits the two lobes that cne would expsct

from the m = 1 cosinusoidsl aperture distribution of figure 22. There-
fore, the size ¢f the antenna establishes only one specific mode as the
contributing one and this mode in tuxrr determines uniquely both the
input impedance ard the radiation fields.
APERT\RE IMPEDARCE IN TEE PRESERCE OF A NONHOMOGEREOUS PLASHA

The plasme model under consideration is represented by & radially
: - varying dielectric uniform, in the $- and z-direction.

= Tre approach folloved is the one developed by C. T. SwiftS. The
B asma is subdivided in n-concentric cylindrical .aeaths. Each sheath is

taken to have a uniform plasma and collision frequency equal to its aver-

:Lm = age through the sheath.
P S The fields in the radial waveguide are matched at the interface to

those in the first sheath. The field transforms in each sheath are no

v

e .«

. longer forward traveling waves expressed in terms of Hankel functions.
E They are standing waves consisting of the lincar superposition of Hankel
’ and Bessel fuanctions. The fields in Region I and the first shesth of

i Region II are
Reglon I

I.Y )

By =-(11=l
I iy YeFn (koP)

Bgl = -1, 22 F-E—(_m(kop) > (82)

Y,
Eo = -1%0 - F

i
E
E
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Region IT (let layer)

= IOl
Ezm = “l%l

- 1
B = gkgquda - BE (42)
B ~ = Yo1k03 %411.\1 + ikul}ml
J
- .
= Il
Hpp v “1?!11
- O3 s s
B = -2+ Zakauf! ) (43)
= I L
B = tenfyd + 2ok §.5m1
o
The foregoing expressions for Regicn I were obtained sfter making the
substitution
u°2 = k°2
v,
uo%emoFio(won ) = £
In Region IX, forward traveling waves are replaced by the standing
waves, i.e.,
en()E, () (up)~> T (kyup) = s (K)a(uyp) + Aml(k)Hm(a)(ulo)]
i
{uh)

a6V, 2) (up) = B (k) = (000 (o ) + Bt (0)E, () (uy )

1
fml and ,Enl are derivatives vith respect to the argument (ulp).
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The modal aperture admittance Y¥p 1s now expressed in terms of these

unknowvn cooificients My demanding that

T

%nl-%x--g: 0SzSe (45)

Using the expressions (41) and (42), 1t follows that

[ t o ] Y
“1¥gkoy J . aald‘m' (ula) + Anlﬂﬂ(a (ula)ulemdk -2 f - bmlJn(ula)
+ BB (2) (ua)e % ax 4 1, %;é;k‘fﬁl Ya. L osisa (8

In order to eliminate the dependenmce on 1z, both sides of equation (U46) are

integrated from O %o 4. And, use of the relatics
d
i Jf elX%ax = C {x)
%Yo
resuits in

“A¥oXo1 J [aml-l’m:‘-(ul:.) + At (2) (ulaﬁ wCo(k)ax ~ B f E:ml-l'm(uls)
+ Balﬁn(z)(ula)] XCo(k)dk + 1Y, ;-’iixk:—:?l %’“ - (473

In order to find ¥, the four coefficients aml, Anl, bml, and Bml

must be expressed in terms of Vp. This 4is done as follows.
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As shown by Swift® & Transfer Punction can be developed vhich relates
via & 4 X % matrix the unknown coefficients, &g}, Agl, bgl, and Bt
in the first sheath to the free-space coefficientz ¢,,d, beyond the last
sheath. The transfer function depends only on the values of Ju(uipi) and
Em(uipi) st each shes 3 and the corresponding plasma parameters. Tre
matriy coefficients are labeled ch' Their values are given in thes cited

reference. The folloving relation holds among these coefficients

Cn 012 C13 011‘ 0
Al Ca Cap Cp3 Coyflem
vl| = fem Csp €35 Cxyfjo (4€)
fnl_ Ch1 Chz Cus Cuyf|dm

The preceding equations reduce the mumber of unknowns from 4 to 2. Appli-

cation of tie two tangentisl boundary conditions at the antenna surface,

i,e.,

B = 8 Co"(x)
(49)

§¢m-0

“The field expressions are different from Swift because the factor
ﬁ;e'i 18 stsorbed in the coefficients sayl(k), Agt(k), b l(k), end
B Mk). Furthermore, the fields are constructed from eiPelX while
Swift uses negative exponents. The above expressicns can de converted to
Swift's by dividing all field transforms by au,¢; and changing m and
X iato -m and k.




3llovs the unknown coefficlent ¢ and d. and, consequently, aﬁl, A=l,
‘b;l, and Bgl tO be expressed in terms of V,. The derivation now
follovs.

Equation (48) can be written as
8a} = Cyzcy + Cpyds |
At = Coptn + Cada $

(50)
bal - caeca + Cayds

B’ = Cuyog + O |

Therefore, from equatizns {47), ('19), and (43), after using equation (50),
it foliows that

fr v cantt} e {Cxu, cean() ¢ - Epc
{cr:.o * ng.(zi * Yoy ;::t&n.:. S %(2) o + {c’g‘- - %(2)' . ”Alit'i:{c”*"" %(2533. I

(51)
Solving for cg and & in terms of Vp and expressing agl, A, b.l,
ao¢ Byl in terms of V; vie equation {49) and substituting into equa-
tion (L)) resuits in the following expression for the modal entenna aper-

ture sdmittance covered with plasms.

i . o e o
% “os J Aot - enss(n) + (e - AR T ¢ it - enitig o eate - G gl S 2

. .‘_fi_. f: et = s}l « (et « ) (BI) o+ Kt - 1o ¢ o - Enca}rR P t% aa mi
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vhere A the determinant of the L x b matrix in equatior (51) is giver by:

8 = (Crfay - CuCs)ad’ + (Crz0ms - CaiCrp )i (D)

+ (23 - CanCro)a Bt + (oo - o) BaDm(2)"  (53)

It ie unlerstocd that the arguments of the cylindrical functicms eve

uja = “%l - ke) - The quantity k,; 1s tke wave muber in the first

plasra sheath adjscent to the antenns.
As a partinl check on the validity of expressicn {52), tbe plas= is

re=oved, in vhich case
Cio = Caty = Coy = Cxp = Cx = Cyp = O

Coo = Chy =1

X1 =k i
nl-n i
The pdxittance noy reduces %o

i =)

(%)

nere Co¥Co » stn 2,

Equation {5%) 1s (quivalent to equatics {50) prior tc bresking it irto
real and imagzinary parts.
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CONCIUDING REMARKS

This icvestigation of ulotted cylinders has led to the following con-
clusionss

{1) For the case of resonant coating (m =ap, Ve 0) , the admittance
approach. ; zero as the thickmess +f the coating increages. At intermediate
th: *knesges, the susceptance can change from a large capacitative to a
small inductive value or to zevo.

(2) For a1l practical purposes, tas admiitaoce of identical slots on
cylinders and ground planes is equivalent if the circumference~to-
wavelength ratic of the cylinder is greater then four and if the loss angle
of the plssms lies between 90° and 1807, and the msgnitude of K 2 1.

(3) For the reentry plasmn distribution shown in figure 7, the edmit-
tance undergoes pronsunced changes when the propagating frequency
approaches the peek plasms frequency.

(4) The sdmittance of apertures on lavge coaled cylinders (C 2 20)
seerss to be sensitive to slight chenges in the electrical and mechanical
tolerances of the coating. As suck, one is led to conclude that theoreti-
cel results will Le difficult to realize experimentzally unless electrically
small cylinders are used {C < 10).

(5) The resonant properties of the cylindrical gap antenna indicate
thst it may be useful for plssoma disgnostics. The presence of plasma or
any change of sntenna parameters brings osne azimuthal mode into prominence
winich determines botl the shape of the radiation patterm and the value of
the antenoa input impedance. As the plasms varies in dersity, it would be
expected that various modes would be successively excited; therefore, orz

could expect the pattern and the input impedance to change accordingly.
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APPEWIX I
LIST OF SYNBOLS USKD IR THE ARALYSIS OF THE AXYAL £.0T

s e

a radius of conducting cylinder
o 8 -—22)
(%)
B susceptance
b radial distance to sir-plusma interface =
C circumference of cylinder in wavelengths - g}?f
E electric field
EE Fourter transforms of electric field
By emplitude of electric field at aperture
E amplitude of incident TEy, wave
G conductance
E magnetic field
f,%z Fourier fransforms of the magnetic field
h axiel mode number
k length of slot in wavelengths = /A,
1 length of slot
m ezimthal mode mmber
K index of refrection
P power
P afl
Poynting vector
u radial mode nuxber
Vo applied potential on slot

-
-
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Subscripts:

[

in

¥idth of slot
admittance
admittance of free sruce
vavegulde admittance of TE,; mode
wave mmber
wave muber for the 7TE; wave mide mode
reflection coefficient

o = £n
Kronecker delts =/

1 msn
dielectric coastant
permittivity of free space
reel part of the dielectric constant
trensverse components within s rectangular vavegﬂde
vavelength
guide wavelength
i)emeabmty of free spuce
electron collisicn frequency
cylindrical coordirates
anguiar width of slot
exciting frequency
rlesma frequency "

external
input
per unit length
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p,¢,z

plaza rescnant

vacuum

vector component along narrow dimension of waveguide
vector components alung the three principal directions in

cylindrical coordinates
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APPENDIX II
ADMITZANCE ZXPRESSIONS FOR LONG SLOTS ON CYLINDERS

The pertinent flelds in regions I end II of the structure shown in

figure 1 are:
B, (p,0) = i Ap|in(Bp) + anm(z)(ﬂp] R (11-1)
:
BNo8) = 3 cai(® (s,,p)e‘m (11-2)
ma-c

Bt = (2 ) [ 0) + gD )] (mon)

B0 = L ) (' (pre)en? (xz.4)

where the prime denotes differentiation of the Bessel and Hankel functions
with respect to the argument.

If it is assumed that the aperture field is of the form:

-] m¢O
E4(a,9) = !89 = ; i}n;zs(a)e'-’“’“‘?S = % > "f;‘éz_‘z e (115)

M= -0 ( __O)
2
then the boundary conditions at p=a and p=1b give the following
elgebraic relationships

of
5.:% B_Z:_g:_jﬂ = n'%'; AmErm' (vc) + BgE, (2 '(nc):] (11-6)

-y
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B af 0) + 35,02 ()] = 8l ) (11-7)

= AmETm(NCH) + Bmﬂm(e)(NCVﬂ = cgh, (3 (cw) (11-8)

=5 Solving the sbove equations for Ap and By gives:

e —-——

(11-9)

(2) (2" (cwy - 2.(2) ()i, (2)
= b = ~SEg, N\ &) (RCW)E,\2) (CH) - B2 ‘(w)hm <) (xcw)
En2) (OW)T, - WER(2) " (eW)1g

2

= (2) (cw)ap' (RewW) - R (rCH) 2" (s
= - p_\f RIpUNCH) By~ (€ -

where

Ty = ' (ROW)E,(2) " (5C) - v (n0)E, (@) (ricw)
(rz-11)
= In = Sa(BH)B(2) " (5 - 3" (MC)EL{2) (cw)

Therefore:

Buz = A [Jn(80) + BB, (2) (rc)]

=
- = ~JEg E?(f)'(cww = By 2 oy (11-12)
= 0\ ) (i, - wE,(2) (oW,

vhere

Un = Jn(KC)EL(2) " (mCW) - 3" (wew)B,(2) (rc)

= (1x-13)
; Vo = I(8C)E,(8) (wow) - ap(mowyE, (2 (xe)

From Parseval's theorem, the external admittance per unit length is given

by
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P
YCI = _L = 218 %— (II..lk)

And the substitution of equations (II-5) and (IT-12) inte equetion (II-1k)
results in the following admittance expression
sin f.é

.S EQ) f&(a)'(mv - By (cw)
Year 2xa Y, ; (ﬁg)a \Kn(a)(cw)Tm !f @2)'((:")25

2

(11-125)

For the case of no coating (m = 1 or b = a}, equation (II-15)

becomes:

"1”2(52“) B2 ()
) (’%)2 (2" ()

Yo =-52 (11-26)

e g

i

e

Tt has been shown® that at plasma resonance, the fields, hence the
adnittance, are indepent of the azimuthal coordinate, ¢. Therefore, only

the m = 0 mode is supported, and equation (II-15} reduces to

(2)* (@
3 ¥E, (cnyv, - B\ < (cW)U,
Ycl ﬁ Hl—i’mo " 30(2)(0")'1'0 i Nﬂo(a) ' (W)Lo

(11-17)

In order to evaluate the above equation, the following exransions are

necessary:
Jof{x) 51 - ’j-—‘?- T (x) = -3
(11-18)
Yolx) 3 £ 10g x Y, (x) =

2
nx

b
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to give
~d 1 ~ 2
Tog;f-[-i:] U"“-Jm
(11-19)
io % -3 B Vo -3& 0¥
o
Therefore, for H=0 and W>1
(@) (cw
Yo = 52 O - (1z-20)

o [wxo(a)'(w) + L 5 () ow)(v - ‘1,-)]

To analyze the inhomogeneous plasma, a method described by Swifth is
used. Using Swift's notation, the axial magnetic field with the plasma
expresced as follows:

L3 ed) = ) [ cf: Oe37# (11-21)

e

where the ratio &%% = tn(r) + NMa(r) is mmerically evalusted to give
solutions of ¢, and w; at the aurfece of the conducting cylinder,

r = a. The details of the technique are adequately described in the xef-
erence and will not be repeated here.

At r = a the boundary condition at the aperture gives
T gle) = 3&%:%) (Gl @ @]
Ergles?) = om ( _2) B Joela)
2

vhich allows Cp, aence H,1(a,#) %o be computed. Therefore, use of

Parseval's theorex gives the following eimittance expression
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o) = 5122 ¢ () + gugla)
-t £ o]
2.

{11-23)

fhe prime in the above equation denotes differentiation with respect to r.
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APPERDIX IIX
REIATIONSHIP BETWEEN INTERNAL AND EXTERNAL AIMITTARCE
Computation of the external admittance is only half the story since

the external admittance as such is not a measucable quantity; vhen an
experirent is performed, the input admittance is referred through & noas-
urement of the reflection coefficient. This input admittance (or reflec-
tion coefficient} g5 meen in the feed structure musc be related to the
external admjttance. To do this, however, flov conservation immediately
inside and outside the slot is used.

The pertinent fields which exist in the waveguide, due to the wave-

guide opening onto the ground plane, are
- r :
E, = Ee JBﬂzcos(ff-) E. + I‘e"epu] + (n.t.)g (111-18)
B = E¥ore Pl cos(Z)[1 - redPor?] 4 (el (m-m)

Assuming that higher-order terms vanish, i.e., (h.t.)g = (h.t.)g =0 the
complex power flow expressed in tems of the fields inside the slot is

Pen = [Bo]?(2 + T (1 - DY, L (11x-2)
But,
2-Yo_1 (1IT-3)
© wilsr
Therefore,

2p i+ W _1_(1-1:)
Y, = =X Yy, = Y, IIT-k
e lvOle ¥ J1+r2 2 "ol 2yl +r)0t ( )
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But, the input admittance is definzd as

LBy -1 (III-5)

r id
s =72 1°1\1-:—x']

Therefore, the folloving relationship exists between the externsi and input
admittance

Yy = 2P (1z-6)

or, in norzmaliied form,

Yin = %g = 8qn + Joyn = 2("{')(}};\32‘)?@ (D1-7)

Therefore equation III-T7 relates & czlculated norxmalized external admit-

tance (ym,) to the measurable normalized input admittance yy,..

o~ -
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I¥. tE RADIATION PATTERN OF AN ELECTRIC LINE CURRENT
EnCIOSED BY AN AXTALLY SLOTTED PLASMA SHEATH

Andrejs Olte

The University of Michigan
Department of Electrical Engincering
The Radiation Laboratory

Ann Arbor, Michigan 48108

ABSTRACT

A circular uniform plasma sheath of complex conductivity Is enclosing a
unit electric line source at the origin. The plasma sheath has an infinite axial
slot of achitrary cross section. The problem has been reduced 0 2 Fredholm
integral equation of the second kind in which the unkmown fuction is the clectric
current i the plasma. An approximate solution of the integ=al equation has baon
obtained in the case of a locally partielly transparent plasma sheath. On the basis
{ of this solution a formula for the radiation pattern is deriveZ. As an example, the
raciation: patterns sre computed for a 352 wedge siot in the plasma sheath of
three different thicknesses, In addition, attenvation calculations have Leen per-

w—

formed on the unslotted plasina sheath,
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1 INTRODUCTION

A homogencous plasma sheatk of inside radli 2 and catside radii b is taken
to enclose a unit slocizic Hire current at the origin of the coordirste system (x, §, 2)
a2 shown in Fig. 1. The z-axis coiacides with the line source. The piasma sheath
may oumnfain an axdal slot of area A;. The arca of the plasma sheath we have indi-
cated by A.p The structure is uniform in the z-direction. The free space permit-
Helty % and the parmeability o is taken throughout, including the plasma, The
electric coxxduction propertics of the plasma (Rose a2nd Clark, 1961} are accounted
far by = complex conductivity

s o {1

where u, v and up are the frequencies of field, collision and pizema respectively.

Since the primary current source as well as the plasma spesth does not de-
pend on the z-coordinate, it follows that the electric ard the magnetic flelds depend
ooly on the r and § coordinates. Furth.rmore, the electric field is tangential to the
1ixe source, and the maguetic field is tansverse to it. That is to say, we are
dealing only with the clectric {ield conponent E_(r, §) and the magnetic field com-
ponents H {z, §) and Hg(r,g), The of, °r field components Lre zero, I we let the
plasma fill {n the slot, then Ez(r,ﬁ)-ﬁ":z(r), H(r, > 0, axd Hg(_r,gi) »> ag(r) .
Thus we 2uve only one compnent cach of the electric and the magnetic fields, and
they depend only on the radial vaviable r,

in this report we are concerned with tne problem of finding the radiation pat-
tern of the electric line source enclosed by a uniform piasma sheath that confains
an infinite axial sl.t. That is to say, we wish to discover the § variation of E_(r, ).
This ficld may be found from the linc current and the electric current induced &~
the plasma. The latter is the unknown quantity for wnich we derive » Fredholm
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integral equation of the second kind in Section II. We riay solve this equation only
under restrictions which make the solution of very limited practical value, Setting
out in search of a better solution, we first solve the unslotted plusma sheath in Sec~
tion 1. Defining the sheath current with a slot as the unslotted sheath curreat plus
a correction current, we zre able, in Section IV, to derive an integral equation for
the correction current. We use the unslotied sheath current as an approximate cur-
rent from waich we compute the radiation pattern for the slotted plasma shuath, An
spproximate solution for the correction current serves as x basis for checking the
reliasbility of the radiation pa‘tern calculaticas. The rationalized MKS system of
units has oeen used with time dependence of ej“’t understood, In section V we pre-

sent numerical results and conclusions and indicate the direction of the future work.

I  REDUCING THE PROBLEM TGO A FREDHOLM INTEGRAL EQUATION OF
THE SECOND KIND

The unit electric lire source induces conduction currents {,(rf, ¢') in the
plasma sheath, The electric field (Harrington, 1961) of both currents is given by

E (r, = -iwuo[uff’(kom j f ie", POH O, [E-E'!m] (@)
AP

where foa) is the Hankel function of the second king, k;wﬁ,?e?, and |F-F'| is the

distance from the Heid point to the source point, We ascume that Ohm's law holds
in the plasma, i, e,

i(r,P=cE(r, §) . 3

We are neglecting thereby any space charge affects in the plasma, Eliminating
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E,(r, #) between (2) and (3), e obtain an integral equation of the form

i (e f)+ Sunyg / / i, (e, gonk J7-Fdas= - Sougo uD
"o

(kor) . 4
We recognize that this is & Fredhoim integral equation of the second kind with the
kernel B (| £-511 ).

We put the integral equation in 2 more convenient form by defining

o
TS 02 (5}
4""'O
aad
K24(p, 9) = 1,(r.9) (6)
where p=k r, and hence
Kpgrer f [ 60996055t anrs o500 (7)
£

A

where now dA'=p'dp'd§* . This is the fundamental equation of the prublem,
The integral equation may be solved by the method of successive approxi-
mation (Mikhiin, 1964} provided that

obtain from {9 that
" B2 ark ) |, (20)

{ri< % (8)
where
n’ /f jf |5@0s-50f anaar . (©
A A
P P
\
By constdering unslotted plasma shesth and s Hankel asymptotic form for Hﬁz'; we
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‘and hence from (6) that

? A ] )

T

{11)
az(b-n)

This estimate of the conditions of convergence is on the pessimistic sids. Never-
theless, Eq,(li) gives us a good indication that the successive approximation method

of solvang the Fredholm integral equation ir of value only for either wery thin plasma
sheath or very low piasms density.

I  THE CASE OF UNIFORM PLASMA SHEATH

The situation is as in Fig. i, with tha slot filled in by the plasma. An exact
solution to this problem can be oh‘ained in an elementary manner, The electric field
may be expressed in the forin;

1 (4
Epfr)=-z up oaf:)(kor)m 19ofot)

k= ko 1-jaflwey)

[

0<r<a, (12)
B AzJo(l(x‘)+BzN°(Rr), a<r<b, {13
= a0 ) b<r, (14)

where J end No are Bessel and Neumann funciions of order zero, respectively, and

Then from the Maxwell's equations the corresponding magnetic field is given as

S S VL
Hyle) = -1 3k Hy Yic i) eyl v<r<a, (16)
K
= | e v ) {
i w“OEZJl(kr)fo\l{kr:J , a<r<b, (17)
5 Ko, 1 b<r 15
Uu 3 ?' o h ’ »

(15)

%
.
;
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the cylindrical functions being of order 1.

wp

kNl(ka)H(

@y e 2)
— 2l_k No(KbH; (kb KN, (kI (k b)) ,

. (@, (@)
B, P [y ot b1k (e 7]
ey

Ay 20

(

where

D=3, e,y i b [3, (ka) Mo b)-4 oIV kal] + -

= iJl(k e ) 7 (NG (ka) 3 (kad, (b +

e 0[5 e, (ka3 cad (kb__]}

Jolkya)H
G K2y a1k ) [3, (ka)N -3, RO k)

The current induced in the uniform plasms sheath i,r} is given by

e THE® UNIY REYTY QF MICHIGAN

iy ka2, [l o -k byl

From the continuity of E,(r) and H,(r) at r=2 and r=b, we obtain four algebraic
equations. By solving them we obtain the complex amplitudes of the Waves:

o 2) (2)
A oo ) Kolofkaly” (koah [k No(kbIH, ™ (b~ Koty (b HL (e bi] +
0
g ealH | e e (koD 2 13- 0 P ]

P ey ey o B0V e ) -k (kb e b_‘J .

(19)

(20)

(21)

(22)

(23)
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i) =cE[(r), a<r<b
. {24)
= oAy fke) ByNytkr)] .
By a similar definition as In (6} we fntreduce
i(p) = ;—2‘3— [Agd  tkr)+ By X (kr)] . (25)
o

The electric fieid outside the plasma shes” 3 given by (14) is rewritten in

the form

g, ()=~ 3 u;:oll?)(kor) E:%—(; .-'\a ] (26)
The {irst factor gives the cleetric ficld of the unit eliztric iine source in the {ree
space, the second factor introduces the elfcet of the plasn.a sheath on the radiation
field. e definc the latter factor as the radiation pattern fo o the electric line source

radiating through a concentric uniform plasms sheath, i.c.

.
Fo~ Gug A1 @n

This pattern is a constant; it does not depend either on r or §. However, it is
rather difficult to calculate Lecause of the involved denominator “a Ag. Hewever. In
the case k,a>>1 and [kaf>>1, P, can be reduced with a gead appreximation to an
elementary form by using the Hankel asympiotic form for the cylindcical functions.
Taking two terms in the Hankel asympiotic series, we obtain

- fc-a)-koh-(Bicob) 1 + 37]
2ke

e - (28)
kofdordy koa) 1+ .. ]
where
do = [1+ .i?_ q(-!, ki)c-lzk(b‘a)}s‘nl'koang) +
(+] ¢ ]
k k .k ~i2k{b-a) 7
L [-1- LIRS ]cos( e- 3y, (29
o y kot~ 3
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and
k kofb-z -j2k{b-aj
d, = (k; % )[1-—*( l+k°) }sin(koa- ) +

52k(b'3l 4
1-— -{- 1+ Je . 30)

b [ %k J '

From (1) and (15) we {ind that kak'-jk"* where
1

k'-ko[ 2+B ]/2 {31

xz P : vzZ | (34

From (28) we obaerve that the amplitude of P, is determined principally by the
factor exp[k''(b-a)] as would also be the corresponding case of a normally incident
plane wave radiation through & plasma slab.

The asymptotic current distribution in the plasma assoclated with {28) is given

by
57

2
o) [1+k;); k0b+—)(1+-"‘;9] o ik(r-a)
d¥d (ke !

%o 1 _ikfr-2(b-af]
[‘E - o o -5 ] . @)
The first term in the { } brackets represents outward propageating cur-ent wave and
the second term the reflected current wave. Again the exponentials sre the domi-
Jant factors in this formuls,
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The approximat~ forins of Py 1 11{r) for the case k a>>1 and [kl b << 1 are

given by
j(ke‘ '%5) -1
e 1 b :{ 1 A
P&~ {[—— qtn(-)] sin{k a-$)-J — cos (k a-*—-)}
o kb a 4 & 0~ 1
ko0 (%o o (36)
and
b
X214k bin2) -1
j(:):l—..—-—o__l.-_.infjk blng]s!n(kox-z)-fécos(k a-z)} (an
(1-jvi2f2 e a 4 ’a c®" 4

The two formulas have been obtajned using the small argument approximation for
the cylindrical functions of argument kr and the first term ia the Hankel asymptotic
series for those of argument kor. That is to say, these formulas are valid approxi-
mations for a plazma sheath of sufficiently large radius and Wi,

1V AN APPROXIMATE SOLUTION TO THE CURRENT INTEGRAL EQUATION
AND THE RADIATION PATTERN

We recognize that the normalized current of tae uniform plasma sheath , (25),
is a solution of the integral cquation (3) witn Ap-r (A.p+As), i.e.

2) .
p)+r /f i(p") ll: ) (lp-p'HdA’= -7!1((’2)(;7) . {18)
Ap“':\s
We define & current ic(p. #) by
o=l foh) (3w

and thus {rom (7) obtain




s

THE UNIVERSITY OF MICHIGAN —-———-—1
5825-4-T

RPN ¢ R 2, , _
ic(p her {'(icfp,é)ﬂo 45-5'hda l(p)-'rHo )

* -1 ” iU 5-pranr (40)
A
P

However, from (38} we see that the right-hand side of (40) reduces to

~

r j f :(p')uff’(]ﬁ-ﬁ'bdp.-
A
S

and thus
([ 095205-5baner | | scom@its-s1ranr
ic(p.grr J 1oV IR 5-5"hdA=r | [ iteH “(l5-5'] 1A . (a1)
A As

By opening a slot A in the uniform plasma sheath, we change the sheath current by
ic(p.§) and the integral equation (41) defines this current. Integra! cquations (7)and
(41) differ only in their right-hand sides. Thus the condition (8) on the COnVErgence
of the resolvent applies also to the latter. The ceroth order approximation to

ic{n.§) is given by

.‘\s

By opening the slot we reduce i(p)=0 in the slot area As and 2s5uming that we may
neglect { (p, §) we obtain hy 2 simple transformaticn from (2) and (14)

Eytr.fr= A Zegne Jon [ J e fE-Flaar |, rob .
. (43)

A
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Using the asymptotic fo ms for the Hankel functions, we obtain

r—. Y -jk r-%) ! jk_r'cos(g-§%

~ _ i o 2 v o = ¥ o [

Ez(r,ﬁ)— - ‘-‘yyo :kor ¢ [o' jj x(r )e dA .
Ag

r>>b {41
and the radiation pattern Ps(}‘), consisten: with the earlier definition in {27}, is then
» ik _r'cos(f-¢')
P2 P,- j { irhe ar . (45)

1t is clear that including the current if:o)(r#) in the approximation we oltain for
the radiatdon pattern
) r jkor'cos(gl-$=) 4 (o) jkor'ms(ﬂ-ﬁ')
Psc(ﬁ) 2P - j} {rYe dAte [ ic (', ¢')e dAt.
As A (16)

Equation (45) shows us that opening a slot amounts fo sdding to the existing cur-
rent its negative, i e, {o make the tota] currcat in the glot area zero, For over-
dense plazmas | P | << 1 and the negative current in the slot ar 2 then dominates the
radiation pattern. We believe that {45) gives = good approximation {o the radiation
pattern whenever i{r) penctrates into the sheath, The adding of if:o)(r,g) to the
radistion pattern Pslg) in {46} 1s not so much to improve the approximation in {43)
as to provide perhaps s means of fecling out iis bounds of validity. Whenever

P =~ Psc(v}) )]

one cai reasoaably say that (453} gives a pood approximation to the radiation pattern.
If the slot is a wedge slot of widti .’;‘o, then the double integral in {(45) may Le
transformed into 2 series, and we oliuin for the radiation pattern
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1t is clear that the patiern is an even function in §. The ¥ variable is mcasured
from the center of the slot.

&0
. sin{+J} )
Psif P~2¢, < 7 R cosn ¢ {8}
where n=o 2
fn z 1, n=0
=2, n=123... =
ang i:ob %
o . ¥
R, % -f 23 {2 pdp . {3 £
kot -

v NUMERICAL RESULTS AND CONCLUSIONS

In Figs. 2, 3 and 4 we present the radiation through a uniform placma sheath
for Y=0.0%, 0,1 and 1.0 respectively., With Y=0. 01 the plasma is only slightly
lessy. With Y=1,0 the plasma is very lossy. The inside radius of the plasma sheath
has been kept 3¢ one free space wavelength A, and the sheath thickness has been
taken up to 3&0_ The plasma parameter X is varied in steps from 0,25 & 2,0,

Io Figs. 2 and 3 the calculations bave been carried out using the exact formula
(27) for all X values sxcept X=2, For X=2 calc lation we used the arymptotic form

t e

foadd

128) with dl set 10 zero. The same asy nptotic form was used for all calculations

W

in Fig. 4. The asymplstic form for Po Jave excellent agreement with the oxact re-
sults in Figs. 2 and 3 where it was applicable, and swrprisingly little disagreement,
even for cases {e.g. ¥=0.01, X=1) where the arguments of the cylisr*-+ functions
were far too small for the Hankel asymptotic expansios to be valid.

The processes that inhibit radiation through the sheath are refiections, ab-
sorptive aftenustion, and reactive attenuation by the plasma. The attenuation of the
radiation for 0 < X< (2 approx. ) is due to reflections 2nd shsorptive attenuation, and
for X> (2 approx. ) due mainly o both reactive and absorptive attenuation. In
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FIG. 2: RADIATION GRAPIiS THROUGH UNIFORM PLASMA SEEATH VS SHEATH
THICKNFSS FOR a=1},, ¥=0.01 AND X AS A PARAMETER.
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FIG. 4: RADIATION GRAPHS THROUGH UNIFORM CYRCYUILAR PLASMA
SHEATH VS EHEATH THICKNESS FOR a=13,, Y=1.0 AND X AS
A PARAMETER
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each case we may identify conditic.is where only one process is primarily causing
the attenuation. Thus for X </2 and Y=0.01 we see, in Fig.2, the radiation graphs
oscillating because of the reflections, As Y increases to 0.1 in Fig. 3, the ampli-
tude of the oscillations decreases, and for Y=1 in Fig, 4, the oscillations are practi-
cally gone; but now the graphs have assumed a downward slope. This is caused by
the absorptive attc. uation in the plasma taking over and eliminating the reflections,
Also, we see that we get quite a bit more attenuation for very lossy plasma (¥=1)
than for very low loss plasma (Y=0,01), For the case of X >{d2 the opposite is true;
low loss plasma causes more attenuation than a very lossy plasma. This is due to
the eifectiveness of the 1ractive attenvation.

In Fig.5, we show a 36° wedge slot ix the plasma sheath, and in Figs. Gtlo 14
we present the radiation power pattern !Ps(¢)|2 caloulated from (48) for the sheath
thickness of 0.5, 1.0}, and 2, 02,. respectively. The inside sheath radius is
kept at 1.0X,. The graphs have been arranged in sets of three: Y=1.0, 0.1 and
0.01, and X is a parameter in each set, Since the powar patterns are even functions
in @, we have plotted them only from 0° to 180°, By the constantlines we show the
attenuation in the power radiated before the placma slot is introcuced, i, e, the
radiation power pattern for the unslotted plasma sheath, These lines sre obtained
from Figs. 2 to 1. In some cases the attenuation is so large that it is off scale.
These values we will give in a note. As a way of czlibration we mention that the
radiation power pattern of unit amplitude would correspond to the electric line
source radiating in the {ree space.

In Figs, 6, 7 and 8 we present the set Y=1. By opening a slot in this very
lossy plasma we have, for all pructical purposes, re-established radiation in the
forward direction, i.e¢. $=0, independent of the sheath thickness, Outeide of the
front lobe there is no significant recovery of the signal strength, Incrcased slot

width, the calculaticns will show, narrows the front lobe with some additional gain
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FIG. 5: PLASMA SHFEAT}H WITH a=1x,, b=2x,, AND A
36° WEDGE SLOT
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FIG. 7: RADIATION POWER PATTERK FOR 1.6\, THICK PLASMA SHEATE
WITH 36° WEDGE SLOT; Y=1, AND X AS A PARAMETER.

Parallel lines are corresponding patterns for unslotted case.
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parallel lines are the corresponding patierns for the unslotted case.
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FI1G. 8: RADIATION POWER PATTERN FOR 2.0Xx THICK PLASMA SHEATH
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WITH A 36 WEDGE S5LOT, Y=0.1, AND% AS A PARAMETER. The
paralle! lines are the corresponding patterns for the unslotted case,
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FIG. i0: RADIATION POWER PATTERN FOR 1.0% THICK PLASMA SHEATH

WITH A 36° WEDGE SLOT, Y=0.1, ANDX AS A PARAMETER. The

parallel lines are the correspeading patterns for the unslotted case.
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FIG. 11: RADIATION POWER PATTERYN FOR 2.03, THICK PLASMA SHEATH WITH

56° WEDGE 8LOT; Y=0.1, AND X AS A PARAMETER. Parsllel lines are
corresponding patterns for unslotted case
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0° ¢=° 90° ty¢ 135° 180°

F1G. 13: RADIATION POWER PATTERN FOR 1.0), THICK PLASMA SHEATH
WITH A 36° WEDGE SLOT, Y=0.01, AND X AS A PARAMETER. The
parallel lines are the corresponding patterns for the unslotted case.
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FIG. 14: RAD!ATIOX%POWER PATTERN FOR 2.0X THICK PLASMA SHEATH 7 - -
WITH A 36 WEDGE SLOT, Y=0,01, AN’ﬂ X AS A PARAMETER. The .
parallel lines are the corresponding patterns for tue unslotted case.
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in ths signal steeigth for §=0. If we halve the slot width, ¢ 2 forward lobe is con-
] siderably reduced with no bexefit for the rest of the pattern.
T om Figs 8; 10 sad 11 we present the set ¥=0.1. By ~pening a slot in this
sheath of "ntedfum" lossy plasma we obaerve that for X < 0. 767 the formerly uni-
form’ paitem breaks ints oscillations. The radiation i enhanced slightly in the
forward dinecydon. The oscillating character for the patt »xn persists as X ie in~
creased, i.e. a domsnant forward mode e not formed D2 the range of the validity of
“gpproximation, in contiast to the case of the very lossy plasma sheath. Sections of
grspM for which the approximations are cxwected to break down are shown in the
'} dofted Ure. For X > 0,707 the slct improves the radiation very substantially as
cotnparsd to ihe Cheath without a slot.
7 In.Figs. 12, 13 and 14 we present the set ¥=0,01, i.e. a very "low" loss

. plasma skeath, Ths comments for this one are substantialiy the same as for the
_Previous case. '
The sets cf data have been présented as they were calculated, A dominating

 § forwaxd Iohe formed for the =1 set. It came as & surprise tzat for Y=0. 1 and 0.0

“zete no wich dominance was foiund. Howcever, there is-no doubt that & dominant for-
wazd Jobe would develop 38 X iz increased beyond J2'. Only (48) is rot then a valid
] épp;aalmaiioiz in tne case of cur thick shesth.

i The method we have presented for calculating the radiation pattern for the
slotted plasma sheath makes use of the eleciric currents in the plazra before the
‘slot i opened. It i3 an approximate method which 15 expected to give the radiation
pettern with good accuracy only if the electri(: currents sufficiently penetratc the

N plasma shea;h. If the aftenuation of the ynslotted plasma sheath is mae then 20 db,
: { 2 ¢ 0,01, then we are sppreaching the bounds of validity of the upproxi-

o 5 maﬁon for tha pattern as 2 whale, Fowever, one expecte that the forward lobe will

j ba given ca gooa exder oi approximation even rcr somevhat lgrger aftenuation
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than 20 db, as was shown by calculations performed in (45)

If the attenuation of the unslotted plasma sheath is such that the radiation
through it is practically insignificant, we then find that the electric currents pene-
trate the plasma only a small fraction of the free space wavelength, _If we open a

i
PR 3t

slot in the plasma under these conditions, the slot in fact becomes a waveguide

which connects the sourcs with the outside space. For suitable slox boundaries one
1 can show that a finite nuber of modal fields can propagate in the slot waveguide,
These modes maz be used as a basis for calculating the radiation pattern, Work is

Ll e e
SN AL

o
soh tadb 4

in progress to exploit this waveguide approach for these cases where the integral

equation method becomes too cumbersome, This work will be reported as Part II
of this study.
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The two significant conclusions indicated by this siudy are:
1) Opening a slot in the plasma sheath re-establishes radiation in the forwaurd
direction to a substantial level.
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2) The plasma slot should be at least one-half wavelength wide at its narrowest,

Cross section when the electric field is polarized tangential to the slot walls. In-

|

creasing the slot width beyond one-half wavelength brings only diminishing returns
; a8 far as the radiation enhancement in the forward direction is concerned.
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V. THE EFFECT OF A FINITE CONICAL PLASMA SIEATH
ON THE RADIATION FIELD OF A DIFOLE"

b, C. Pricmore-Brown
Aerospace Corporation, Los Angeles, Californis

ABSTRACT

The plasma sheath that forms about a reentry vehicle is
simulated by a cone of finite slant height and negligible thicke
ness. Thiz cone can support surface currents that are induced
in it by a llertzian dipole entonns situated on its axis. The
radiation pattern of such a structuro at wavelongths long come
parcd to the slant height is calculated using a Lobedev-Kontorovich
integral transform together with the Hiener-lopf technique, In
the opposite limit, the radiation pattern is obtained by a pertur.
bation ¢cchnique, Plots are presentod showing the effects of
sheath strength, slant height, and antenna frequency on the
patterns,

* This rescarch was supported by the U,S, Air Force under
Contrast AF 04(695)-469,
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I.  INTKODUCTION

The present study is onec of a sericsl‘2 undertaken to gain 2 bettex

understanding of the role of diffraction sffects or antenna pattern
distortion in the so-called blackout problem, This term is commonly

used to describe 2 sharp reduction in the offective transmission of infore
mation by radio between a reentry vehicle and a ground station, This
reduction is observed as the vehicle enter he earth's atmosphere and
becomes cnveloped in a sheath of partially ionized gas or plasma. It is
duc portly to the ability of this plasma sheath to reflect electromagnetic
waves and so alter the radiation impedance of the antenna; partly to the
sheath's ability to spread waves into new directions, thus causing antenna
pattern distortion; and partly to the fact that the plasma responds
differently to different frequency components, which results in phase
distortion. Therc will also be an additional damping of the signal by
ohmic losses in the sheath, but this cffect should be smail in the case
of plasma sheaths that are very thin compared to a wavelength,

As in previous studies, we shall restrict ourselves to a point-dipole
antenna that is driven by a constant-current source at a single fregquency.
Thus we shall be mainly concerned with antenna pattern distortion. Two
previous studies considercd the case of a magnetic dipole antenna! and
an electric dipole antenna.2 located axisymmetrically within a thin conical
plasma sheath of infinite extent, The plasma was represented by 2 cu.rent
sheot whose strength was calculated on the basis of a cold olectron plasma.
The results of thesc iwo cases showed that the electric dipole antenna
generates a strong surface wave that carries most of the radiated cnergy
out along the surface of the conical sheath, whercas no such wave is
praduced by the magnetic dipole antenna. In fact, it is clear that the
magnetic dipole induces purely azimuthal currents in the conical sheath
that are confined to the vicinity of the source for long wavelengths,
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whexeas the currents induced by the electric dipole run up and down zlong
the generators of the cone. These facts suggest that the adoption of a
mere realistic model, consisting of a cone of finite siant height, may
profoundly modifv the radiation pattern in the electric dipole case,
particularly if the wavelength is comparable to, or longer than, the cone's
slent height. The prosent work is concerned witn this case.

The provlen is colved by Wiener-Hopf techniquez using a Lebedev-
Kontorovich integral transform, It reduces to an infinte set of algebraic
eqations which can be soived by iteration in the lou-frequency limit, This
methed has already been employed in the problem of determining the scattering
of plane acoustic waves bty a rigid disc3 and the impedance of a biconical
antenna.4 In the opposite limit, when the slant height is long compared
to a wavelength but still finite, the problem i3 solved by a perturbation
technique based on the known infinite-cone solution, These two techniques
are used to calculate radiation patterns that show the manner in which the
distortion fades and the radiation resistance graduzlly resumes its free-
space value as the slantoheight is reducec from infinity to zero,
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II.  ANALYSIS
He consider the radiation field uf an olemontary electric Hartzien

dipole that is located on the axis of a thin partially-conducting 3
conical sheath of finito slant height b, Wo adopt spherical £
coordinates centered at the spex of tho cono,which then bscomss the 3
surfac2 0 = ), 0 ¢ r ¢ b (Fig. 1), The dipole source {
is at T = a, 8 » 0 and is orisnted along the cone's axis so that the i
problea is axisymwstric. Since then all currents are purely radial, §
it is easily verified from Maxwnll's equations that we czn express
the fields in terms of a single scaiar potential 1(r,0) such that :
E*9Vx9x (z0) w ’

Using MXS units and suppressing a commen tims facesar e'“’ we then
find that U(r,?) satisfies the vave equation i
2 J(r,8 2
% « 1% n(r,0) é-t-)-uo, @
£
vhere kz - uzuoco. The nonvanishing field components are 3
-3
Eo = - 3|5twr v (sine ¥p) | 3 -
T H Bk ( w ) ( £
= :§ 1 32 \ é

3 § B =7 v (1) “
- it
§ H¢ = im:o 35 {5)

“'-E;. 3
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Now the current density J » J(r,0) Er is madc up of the antenna
current and the curzent induced in the sheath.

J{r,8) = -iwp &(z - a) + o(r,e)Er (6)

Hore g is the dipolc moment of the antenna and o(r,8) the conductivity
of the sheath; o(r,0) is taken to be zcro everywhers except at the
sheath itself,where it is assumed to be infinite in such a way as

to 2ilo~ induced sheet currents. Thus, we write it as follows

LA N SN R R Y T

o(,8) = (lucyr) ;o £ UM - 7)6(6 - 0) O]

E
Slnﬂo

in toms of & dirensionlsss sheath paramstor g, the step function
b - 3) (=1 for r < b, 6 for r > b) and the delta function §(9 « 80).
It can b shown that,in terms of plasma parzmeters,

2
e

xd . .
g = 5 sin0, ;——P——M CETH (8)

whara o and v, &re jlasma and electros collision frequencies, respectively,
and d is the sheath thicknzss., In the caiculations we shall assums that

Ve ® 0 and a.; (d7r} = conxt,,which makes g a positive zeal constant,

Tho mprascn‘tazicn of 2 thin plai=a slab by a current sheot in this way
w2s first used by m-is:.§

84

he solutien e Eq. (2) csz be epresented formally ss the solutiom
to an integral equation

'xmmsmam!nvmmml!|mmmm:mmm||lm:mmm|nmmamnnnrnam:mu|aummnmmnsunnmmammm:unmmmmmnnmmmnzsmmnmmmmmmmmmmm:mmmmmmmmmmmmmmm. i




ik{r-r'|
1 e J 3
8(r,6) = - f — (luor) dr

vol, '~~

ikR 5, iklrer']
= °—E- . 'f dx:[z g—:— 2—1—&/“(1":%) )
() (-] LS‘L }

liere we have substituted for J from Eqs. (6) and (7); B is the source-to-
-4 - 1 -a— 3 2

receiver distance shown in Fig, 1,6( oo 55 sing 'a'é') and we have

suppressed a factor (p/4zc a) for convenience.

A, LONC RAVELENGTH LIMIT

Although tho ipgegral equation (9) can bo inverted exactly in the case
of an infinite cone (b = -)2, it docs not sppear to be possible to do so in
generul, In this part we prosent an anslysis which ylelds the solution
in the limit of long wavelengths, A >> b > a, Part B will be devoted to
tae case b > A > g,

¥o introduce the notation

ikR
w0 = M2 ner,0) , o0 = (ra)"’a((-’-;—) (10)
2z, ik|r-r'] ;
- Heeasiet st - 2 ,{ #* =T an
ikR
1,(r,8) = Zpm = (ra)-uzjé{(r,ﬁh,o) (z)

bl

in torms of which 2qe (9) becomss

]
3 ~Y/2 g :/ '
ﬂ(?,‘,e} = ao(r'e) + (I'E; %f (r.air"eo) '(T.) :r (:3)
-]

n:n|||uu|||mumu|umu||nmmnnmmmmmmmmmmwmmmwmmmmmmmwmmmmmmwmwmmmmmm
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“his equation cxpresses A(r,8) at any point ia terms of the values of
9{r) on the shecath. Hotice that ¢(r) = - r3/2 31,2 Er(r,eo}, 50
gu{r} is proportional to the induced current., If we operate on both sides

of Eq. (13) byd{ and let 6 — eo we obtain the following integral
equation for ¢(r)

*
TORPRORS 4 f Glrlr*) 3(r) S5 (14)

[}

where we have introduced G(r[r’) -M(r,ﬂolr',ﬁc).

1. Spectral Analysis of the integral Equaticn

We now obtain the Lebedev transform of Eq. (14) by multiplying both
sides of it by Xv(yr)dr/r and then integrating over r from 0 to =,
flere Kv(yr) is a hyperbolic Bessel function and Y = -ik, The result
is, formally

- - $
f 8(r) K (r) 8« f b0 Kom) £ o & [y 0 [74 Grrlny iy
o

° (3 o
as)

Theso integrals will coaverge provided 1 ¢(r) K,(y7) is integrable
at the origin, ¥e return to this point later,

¥e next introduce the following integral representation

Heesis o'y o L 57 s '
(z,8]r ,6) = T f osow Pyel /2(cosﬂ,:)Py_UZ(-eose,;Ig(vr)la{v )
Ceim

(lel < 172) a6

o

ﬁa‘hnluml

iy

SRR

yube 4




vhich can bs deduced from the well-known expansion for the potential

of a zing soursm6

j(r.alr',e') = z {2u+l) Pnﬁccse) Pn(cose‘) Inv1/2(7r<) Kn01/2(7r>)
n=0
(17)

This cxpansion converges for nll y (real or imaginary). lere 0. 8,
stand respoctively for tho losser and the greatex of 6 and 8', and
similarly for v and r,. To establish the equivalence of Eqs. (16) and
£37), notice that as [uf + = (uex0, £1, 2,...)

1j/x\¥ -p) {1
MO RRAS 5 [\'}7) T uu (Z’ xy)u] 1
|zec WeP, 1/2(c088) P, /z(-cose,)l ~ lul‘fi ;p{flmcu)l(e,-a J1 (9

[sec Appondix A, Eqs. (A=1), (A-2) and (A-}J}) so Eq ¢16) converges
absolutuly, provided we assume (tomporarily) thai y s =ik is real.
Pugthermore the integration path can bo closed by a semicircle at
infinity in the right-hand plane if r > r. If this is not the case,
one can appoal 1o the relation {se¢e Eq. (A-3)] which exists between
the hyperbolic Bessel functions to show that for any even function
£(y) [such that £(u) » -£(-u)]

e
[ £ 1,00 K, - L) K @0 |udu=o0 (20)
Sie
Consequently r and r' can be freely interchanged in Eq. (16) provided the
integration path is taken along the imaginary axis (¢ = ;. Finally
use of Cauchy's theorem together with Eq. (A-11) leads to Eq. (17).

e it -~ e, R e — e
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From Eq. (16) we deduce also the integral representations for
G(z{r") and ¢ (2)

~ ’i"
'Y s e 2 ____‘udu 2 - - 'S
G(rjr") T o (u 1/4)_Pu_1/z(cosec)Pu_uz( COSOQ)Iu(yr)Xu(yt 3}
Coin -

(21)‘

Ttim
1 pdy 2 1
Yo(r) = = = Toogr (W = VAP, sp(-cos0 )1 (vr)K (yx')
Ceiw

(el < 1) : (z2)

lexe we have used the fact that (&, + 1° - 1/4IP, g 15 (e930) = 0,

Let us now introduce Eq. (Z1) invo Eq. (15) and raverse the order of the-
¢ and r integration, The integration over r can then be carried out
immediatoly by virtus of Eq. (A~8), and we find

- cHic 2
dr .. ' 1 udy =2 ‘4 N
f = R‘,(Yr)G(rlr Yeo-g f = -!-_T-u = Pu-i ',2{«:0530)?".1 /2(40:00)!5”(71'_)
() Coie

(1/2 > ¢ > |Re{v}{

vz-l /3

[
cosvr

Pu1/2(C088,)F ;o (-ccs8 )R (vr')  (23)

Similarly,

2
dr voel/4 i
[ Exomem - e ok @0
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Haxre the integration cver u was performed by noticing that because

i the integvand is odd in y the integration path can be closed on the
imaginary axis., Introducing these expressions into Eq, (15) we find

20 /: o) 1,0m) fb TORNCOE-3E JERCRN L &
‘ {25)
- where
D(v) = cosvn + g(vz- %'),Pv-uz(““é') Pv_rl/z(-coseo) {26)

Tﬁ:’.;bis an intogral equation involving two unknown functions of v,
viz., L WK (ym)st dr and fw() xv(mr'l dr. In general we
must resort to complox variabla tachniques to-solve it, but first let us
consider tho limiting case of an infinite cone (b + e},

2., Infinite Cone Limit

Denoting this case by the subscript =» we have from £qs. (24) and (25)
fW {(r) ¥ (yr) ar . o Vz-”‘ ? {-2088 ) X (ya) 0290
A o YR ) velf237F080,) R, wels

Increducing Eq. (16) into Eq. (13) and making use of Eq. (27} we £iad

J P X

PN — gt e e e =




p

cOSLY

n (r,0) = !Io(r,e) + (ta)"]'/2 é-j ;;- Ve (r) . f udy Pu_uz(cosﬁ J
-ioe

wies

* u 1/2(-¢Ole ) I (77) (Yr')

= llo(r,e) + (ra)'llziz f :::' 3'5-?-{3- el /2(cose <)l’u“1 /2(-cose,)

=ie

Pu-l /2(-cosao) -Iu('yr) Ku (ya)

(cose )P -1/2
u 1,2(0056 )

(-cose>)

cosuw

fe
s [ (r,a) + i (ra) llzfudu--—--m] L 1/2

* I.(yt) X (va)

likre 6, 6, refsr to 6 and eo. Comparison of the first integral with Egs.
(12) and (16) raveals that it exactly cancels no(-.-,a). Thus we are lef’
with

* P (cosg ) P {=co3sp }
A - '1/2 . 1 fudu 1'-1/2 < "-1[’2 > .
0,(x,0) = (ra) T J Gy P 1/2(c050) L) K (ya)

i

(28)

T‘nis solution has alroady been studied in sozs detail in a provicus
paper. There it was shown that it can be expressed as a summation over
the roots of D(u) = 0, thess being the orders of thuse Legendre functions
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Pu-l lz(tcoss) that compose the natural eigenfunctions for the infinite
cone, Onc rosult of that ztudy rhat we must make use of in the preront
paper concerns the behavior of tiis solution in the vicinity of the apex
of the cone, namely the fact that y_(r) ~ const r° as r — 0 where

¢ = |Rolv }| and sv  is that pair of zeros of Eq. (26) which is nesrest

the imaginary axis, If wa allow a small amount of dissipstion in the
sheath so that v, > 0 and consequencly Im{g} < 0, then it xas shownz

that ¢ > 0, and, in fact, ¢ — 0 uniformly as v = 9. Since D(;:} is
even in u, this means that there is a stzip |Re{u}] < ¢ containing the

- iraginary axis where D(u) has no zerns. Now the behavior of ¥(r)

near the apexr must be like that of v, from which we conciuda that the
first integral in Eq. (25) converges withim this strip, Thus Eq. (25}
i3 to be considered as definod within the strip |Re{v}| < c = |Relv }].

¥e now take up ths tagk of finding a solution to Eq. (27} in
the general case of a cone of finite slant height b. To do this we
rogard Eq. (27) as a Wiener-Hopf probler and try o express esch ¢f the
terms appearing in it as sums or products of analytic functions of
v that are holomorphic in overlapping half-spaces of ths complex
v plane and behave suitsbly at infinity,

H

3. Nioner-Hopf Decomposition

Congider first the second term in Eq. (25). 3ince Kv(yr) is an even
integral function of v, it is clear that the sams is true of this tera,
Using the asymptotic form of K (vr) given in Eq. (A-5) we find as jvl— =

° dr I{v g bY 4 ) Var
2 * b ‘ — ~-—-L-L P c—r I A/ » -b ——
[ R0 3 (v0/2)°J v (") T A e (") @
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Thus the behavicr at infinity is determined by that uf ¢(r) near
r = b, and this is given by the adge cwdition7

wr) ~ (r-b)Pas r-b* (a0}

where p € 1/2, the cquality holding for en infinitely conducting come,
Thus we write

ﬁ:(r)li‘,(vr) e A (n
b L ¢ 1 7))

where £'(v) is an integral function of v. From Egs. 729) and
(30) we deduco that £ (v) — 0 as |v| ~— » in sny righe-haad halfeplana,
Ro{v} > =,

In a sisilar way consider

b Z b
fb YGIK, (F) ;‘—'-}rcv)rc-w[ f VI om) 2 - j[ sl () £
LO

[+] o

. Ei'/%’ Ew o a"—/‘%’!—; £ (32)

As pointed out in the last soction, this expression is holomorphic in
|Re{v}] > ¢ and hence, by symmetry the first and second terms on the
right are holomorphic respectively in ths overlapping half-planss
Ro{v} > <c and Re{v)} < ¢ . Furthermore assuning the edge condition
%(r) ~ const as r => b” we deduce that

&) = o(v’Y) in Relv} < ¢ (33)
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It renains to considor the coefficient D(v)/cosvx, We should like
to bo able to write it as a'ratio of functions holomorphic respectively
in lcft and right half-plam;s. Now it has been demnstratedz that for
real g D(v) has simple zoros along the real axis which are in one-one
correspondence with those of cosvs. In fact, denoting the zeros of D(v)
by vy it was shown that

v, @ 5 ¢ 1/2 + LI s=1,2,,.. (34)

where 0 ¢ & g 1. Im addition D(v) has a pair of zeros situated near
the imaginary axis that wo donote by % Vo Thus D(v)/cosvw has simnle
Zoros at v s v, s =0, 1, 2, «vs, and simple poles at v = = (3 + 1/2),
$+1,2,s0s + (Tho zoros of D(v) at v = + 1/2 are cancellsd by those

of cosvr.) These facts suggost the possibility of writing D(v)/cosvx
in terms of infinite products

—‘—ci’;ﬁl = D(0; (1 + “/Vo)ﬁ (v)* (1 - v/vo) /\T *(-v) (35)
- 1+ V/V - v §
* f3 s
J ) ':.11 !% + /(s "Im]- sr-Il [l- G2+ 8y (s+1/2 0@]

(36)

1t is clear that J’(v) converges and is non-zerv for Re{v} > -3/2 and,
furthormore, that it tends to zero as |v| — = in this half-plane,
To determince its rute of fall-off at infinity consider the asymptotic
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m of D(v), given by using Eq. (Al10) in Eq. (26)
2
D(v) ~ ;—;rg-q v cos(veo ~ %/4) cos(vx - veo n/4) (37)

+ v tends to infinity along rays making a finite angle with the real
s

D{v)

co3ux : vl |v] =» =, argi{v} = 0,x (38)

T 51
sneo

rom this we can deduce that

) = oo™y in Retvd > o372 (39)

We mew attempt to separate Eq. (25) by multiplying by (1b/2)“/r[v)
nd making usc of Eqs. (24), (31), (32),and (35).

(- Jfew [Eor e B v g

181

. 2
b ao g fio]? o - O D b ccosepx ] 0

(40)

The first term in this expression is holomorphic and 0({vl'1/2) in

Re{v} < ¢. The remsining terms will only tend to zero in the rigiat-hand
plane provided a > b, but thoy still miss being holomorphic there
bocause of tho simple poles of’lj‘(-v), P(-v) and 1/cos vx in this
region, Thus it is not possible to transform Eq, (25) into a finite
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algebraic equation which can be solved by an appeal to Licuvilistls
theorem, Instead one must subtract out the residues at these poles so
as to obtain an algebraic equation with an infinite number of terms.

The restriction a > b according to which the source is excluded from
the intorior of the conical sheath was necessitated by tho fact that the
1ast term in Eq. (40) goes as ]vl(b/z)“cxp[-(!a{vlaol] as jv|— e
in the right-kand plans. Fortunately, howsver, the radial coasponent
of the elvctric field, E_ = -r"1 1, satisfies a reciprocity principle
(see Appendix B). Consequsntly we can us2 ths rosults cf the present
anslysis spplied to the cases r < b < a to obtain as well the fields
in the reciprocal case a < b < r, which is the one that intorests us,

%o romark parenthstically that if it is desired to have & formalisa
vhich applies to all cases (inciwding the remsiningone a <b, r<b),
this can bo done at the cost of some extra complicaticn by subtracting
the quantity

D(v) ) dr
‘m:' J/b v, (1) K () -1-_-’- * [ v (1) K (yx)
(<]

from both sides of Eq. (25) to yield

— f ¥ K om) & o f ¥ ko & -[ﬁ}- n} f b (0%, 00 £
(] b Y
(41)
vhore ¥(z) = #(r) - 9_(s). ‘hen this equation is multiplied through by

(6/2)%/T(\) the last term will clearly go t6 zerd as |v| — « in the
right-hand plane for all b.
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#s now rotuzn to Eq. {40) (with & > b) and pud

(- W) O B (o g = B e 5 e 23

(0/2)%s (2 - 3/4)

DO (1 * v/v) ﬂ‘(v) r{v}] cosusz
Ei
14
E
vwhere
- 2nel
- o 2
Ip= 1 8, £€6n-1D FTES
n=l
I, = E b & (-0} e ®
r asl n v eB
- - 572 nel;2
L I < <2y
Hers

N AT T T T A B e AR

n

: b= (=1 L(n)
. n (n_ﬂz

P“(cosa o)

1 n e 1)
¢ =~ BOF FETUT TR Raeas2O®

T304 W BT s R

P,.1/2(-c080p K, {va) = Q') ¢ By

(42)

{43

{44)

{45)

(36)

(47)

{48)

(49)




amd »o have put (1 - v/vo)ﬂ“(-v) = L{v}. Also
Vasun s L 00 (- v}

Now H’(v), Q‘(\e} are cioarly “plus® functions (holomorphic and
tending to zero in Ro{v} © -c) while 28, r.; and 2; are “minus” functions,
‘Taps we weite Eq. 740) in the form

-

3(9) = L{v) & (v) +EB 02; . rQ

w 5T W) - & /Li-v) - T v) (s0)

snd coscludo £res Liovville's thecven that J(v) = 0. Hence ws find
e reintroduding Egs. {44) through (46)

2n21

7 - - ¥b/2
L™ o}'f‘ 8 £ (-n - 1/2} &‘-"‘l%‘z'ﬂﬂ'

2n

- . 2
£ vgen 227
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= -.2 [~ 5 2‘!‘" (51)
. v z!! + E;!’
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To solve this equation we assuse a power series in (yb/2).

EM = Y 5 ™2 (52)

n=l

and then ecquate successive powers of yb/2 to transform it inte the
following infinite systez of equations

n/2-1

)
L(V) En(\l) * Z m&ﬁ Eﬂ-b‘I(.PIIZ)
=3

(n-flz b
* 35 Ep-zm(™®

e=]

D i

E
E.
E
= v Tne as= 1,2..-. [53) §
E
E
Here the integral parts of the upper limits n/3-1 and (n/3-1/2 are g .
E+ to bc understood. Solving the system of equations by iteration and --_:gg
e then substituting iato kq. (52) we find Eigs:
£ :

SRR

P S A

TN

A

B mmmm———————————— 1401111110 1114141 000081
()




* [v—fg7.2. + (;) i:l :3 °(§) ,-‘l :i (vblz)g/z

cen (54)

Notico that €7(v) is essontially the L-K transform of the induced current
in tue shesii:. WNe turn next to the task of expressing the radiction fleld
in teras of £ (v)

4. The Fornal S-lution

The scalar potuntial H(r,8) is given formally by Eq. (13). If in this

expression wo iniroduce Eq. (16) for:};/ (r,ﬂr',eo) and make uve of £q. (32)
we obtain

. ple
a(r,n8) = no(r,a) + (u)"l/Z %/ Eogg'%,‘pp-1/2(°°’°<)Pu.2/z('°°'°>)Iy(“}
.i.

[
{_ﬂﬁ. ) -—r(.—‘L & (~y) (55)

(yo/2)¥ (yb/2)y"¥
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Making use of Eqs. (35), {(42), and (50}, we can rewrite this
rosult as follows -

n(r,0) =1 (r,o) + (vu) 1/2%0(03,[ b llz(cose ) Pu 1/2(-1:030 e
afe
* 1,0rm) Le-w) e [5(») . ﬂ’m] (s6)
{vb /2)¥

in which form it i< clear that the u-contour can be closed in the righte
hand plans provided r ¢ b. The only poles are at y = n ¢ 1/2 dus to
26(-,:) and at u = u_ whero D(u) = 0. The contribution from those at
nel/2is

(sa) "2 & (-20i)0(0) i: ﬁfa%%' ()™ P, (cos0y) P (cos8) T,y p(y) *

nsl

+ en - /2=ty {u o [ z&“”]}

(vb/2)

On making uso of Eqs, (46) -and (49) it is easily vorified that this reduces
to the seriss expansion for =U (r,0) as given in Eqs. (12) and (17). Thus
the contribution from these poles exactly cancels the first term on the right
of Eq, (55). As & result ths total solution is given by the integral in

Eqs (55) evaluated as a sum of residues at the poles u = ge Putting

cosuz = D(1)/[D(O)L{(MIL(=y)] in Eq. (55} we have then

n(r,0) = -(ra)"2 25 0(0) 25‘1‘7 4e1/2(€030) Py p(-c0s8,) T (v1) ¢

r o
. -—-(—-)- L{-p) L(w) & () (rsb<as) (s7)
(vo72)*

A
Lokt 'y v

|
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where the swmmation is over the roots of D(p) = 0. Notice that thers is
no contribution from the second term in tho integral in Lq. (55) since
L(‘ls) 6-("‘33) = 0,

As a partisl check of this vasult consider the limit g + 0. In
this limit it is easily seen from Eq. (26) that for the sth yoot

2
cs £ B =S - 1/2 —» %-s(s +1) lP‘(cosco)]

sad from Eq. (51) (since a -+ 0)
Llng) £ (ng) — &7 ¢ (vo/2)**H/?

where < is given in Eq. (49). Introducing these results into Eq. (57)
it ix veadily verified that n(r,0) — no(r,e) as it should,

We now have a solution valid for the receivsr inside the cone and
ths source outside. To obtain the solution in the reverse case---source
inside and receiver outside---we appeal to the reciprocity theorea
{Appendix B) which allows us formslly to interchange source and receiver
coordinates in the radial component of the electric field. According
to Eq. (3) this componont can be computed from Eq. (57) as follows

-1 -3/2 2174 .
B = == @) = - o (r9) zwm};-“l‘aq-ml P,1/2(c020)

Ty -
P,u1/2(+c030,) 1 (yr) E;%; L(-) L) €7 )

(rsb<a) (58)
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llexe x - 3%?\‘9‘ %(sine :—e), and wa have reinstated the factor
(p/4xc 2} that wes suppressed aftor Eq. (9). In this expression thc
roceiver coordinates are contained in the term li'”_1 /2(°°5°) I"(yr)

an tne s ource coordinates in L(u) € (u) and hence ultimately in the
cc.ofisasnts Ca [see Eqs. (49) and (54)]. It now becoses clear that

in ordsr to use rcciprocity wo should have fimulated the problem

for a ring source instead of a point source. The realer will readily
vaxify that if we had done 3o the result would have besn to yeplace the
source term Kn(ya) in the cosfficients . in Eq. (49) by Pn(cosc) Kn(yt) .
whore a is the angle subtended by the ring source, (Notice that as

the ring shrinks down to a point, a + 0 and Pn(cosc) + 1.} Once this
is done we can formally make the substitutions r+a, 6 +a+ 0 in

the recciver ccordinates in Eq. (58) and a + 2, a + 0 in the source
coordinates. Finglly we can operate on the result by -r f,"l to

obtain ths scalar potential

1(r,0) = ghr ) V2000 D A X [L00E"0)) (59
° [
where
2

This form is now valid in the range a < b < r, lore L{u)€ (u) is given
by the right-hand side of Eq. (54) so x'l eventually operates on the
< (which are now functions of r and ¢)., Thus if we introduce the
coefticients

O I S (A Py(c036) Py (c385) Ky p/2(v7)
c = c (r,8) = - -
n n D 00 T(aeny2) (retnet/2)/0 ) B medf2)
(61)
e

169

ik, 4
O

il

Wmﬂmmmmmmmmm‘w P U PR Y e M
o R i L N W

»

[
[T

Yo

2 bt sesdrens s ol e o b s e




ws goo that the term x"l[l-(u) € (W] in Eq. (59) is given by the
right-hand sids of Lq. (S4) with ¢, replaced by <.

5. The Faxr~Field Radiation Pattern

To calculate the field at large distances from the cone we uss
ths asymptotic form X el /z(yr) ~ (v/2yy) 1/2 <Y for the radial
functions appearing in the © a® This aliows a radial factor r™> ¢°YF

€o bs taken out of the cxprcuion for B{r,t) which ws then write
formally &8s a power series in vb

i(r,0) = (‘TEF) %".Z F (9) ()" (62)

The angular cosfficients Fn(t) can be found by equating successive
powers of yb in

= 1/2 1
n_f/2 . L u
mzl;v,,m )" = (gz) 200 zs:m) YL

Substituting the right-hand tide of fq, (54) for f’(L(us) & (u 1]
with v replaced by u, aad ¢, by c given in Eq, (61) we find for the
first for cosfficients

Py(8) = - (...)m ?.‘('57!}' z u—.‘?/r Py(coss,) P;(cose)
/2
Fy(0) = = & (.‘.l)l by z ‘-‘—f%,-rzcmac) P, (cose)
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/2
Fyler="- %3’(':'5 r("éﬁ)' 2 ;,'—‘,ﬁ%,- Py(cose,) Py(coss)
/2
1) e 3 4 oy o
2 A
Ty D oy Plcose)) B, (cos)
{72
(‘E’) 1.'(2'572')' "E&)TZ %(H- P,(cosey) P,(cose)

1/2

1/b L'(3/2) Ay
+ 3'('5') ﬁmz = Pl(coseo) P, (cos8) (63)

WA
Fe(o) = - m(:)

o~

The intensity, as givon by the radial component of the Poynting
flux,

(4]
2
Ny~

Rc{Eellé)

becomes in the far finld

Introducing lq. (62) for Nl wo write this as follows

2 2
€
) 5, * .".'.&2 (Tigo—a) (!‘ri F(5) (64)
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in terms of un angular distribution factor

2

1 s
F(0) = =y ‘Z F. (6) (-ikb)" (65)

Hoxe we have reintroduced X = ivy.

In tho abssnce of the sheath, i.e., a5 g+ 0 it is readily verified
that

TE@ )" — /2y 2 T 1) (cos0dL, o (ve)

which is tha expansion of the plane wave exp(yacos®) in spherical a:ves.6
Thus it follows thnt in this limit F(8) < sin%e, which is the free dipole
distribition,

6. Numerical Work

To compute the angular distribution factor F(@) given in Eq. (65) it
i3 necessary to avaluato the cosfficlents F;(e), which are the derivatives
of the expressions given in Eq. (63). These involve the infinite products
L(-p) and the infinito suac S(p) = Y} A(n)/(u-p) for various integer and
half-intoger p's. The first 30 roots uy of the dispsrsion equation D{u) = 0
togethor with the derivatives D'(us) and the corresponding Legendre
functions Pu-l lz(cosﬂ) were obtained on an electronic computer by the method
outlined in the report of Ref, 2. The infinite products L(-p) = (1 * p/ugfS )
withJ*(p) given in Eq. (36) were then cosputed as follows
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L(-p) = (1 + ﬁ—-

o

[ 1+plug
)77 1+p/(s + 1/2)

s=l| R,

30 1+ plu 7 48 P*p/(ﬁ“ 1/2 + Gﬂ
=1« p_) S -~ (1 - 0.0103p)

with 6, = (M1 (s + 5) rod 18} i.e., by ® 619 = 63? s voe x §/17,

62 L PP R 7/17, etc. This expressica for &g is the asymptotic fors
(for large s) of By - (s ¢+ 1/2) which is obtzined frum Eq. (37). °The last
tern is an approximation to
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In torms of these quantities the infinite sums S(p) = }; A(u)/ (u-p)
are easily computed using £q.(60) for A(u), WNotice in this expression

that
ul{u a {a g {'-8/2 2 - ka/2 4 0000"
2 v - (- R ey ]

Computed values of S(p) and L(-p) corresponding to the case ka = 1/3,
kb = 1 and for sheath parameters g = 0,1, 1 and 10 are given in Table 1,
The series Eq. (65) unfortunatoly docs not converge for larger values of kb
5o that itz usc in computing is limited to situations whero the wavelength
is large compared to the slart height of the cone. For such lcng wavolengths
the radiation pattamn tumns out to be practically indistinguishable froa
that of the free dipole, although its level can be considersbly different,
In fact, for the cases considored, the radiated powor levels referred to
the froe dipole lavel were computed to be 14.5 db, 9.4 db, and -19 db for
g = 0.1, 1 snd 10, respactivaly,

5, LONG CONE LIMIT

In thisz part we make use of the known? current distribution along an

infinite cone to obtain an approximate radiation pattern for a cone of finite
length. It is sxpected on physical grounds that such sn approximation should
be good for cones whosz slant height is long compared to a wavelength,

Let us return to the fundzmental intogral squaticon <q. (9) and rewrite
it in an obvious way a3 follows

. exp(ik|z-z'[)
A(r,8) = 1_(z,6) - */b..drf g.} ..’:.7:_;.'_‘_,:__ fn(rc.%) (66)
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_ llere R_(r,8) is the solution for b = », It is clcar that if we introduce
;fn-(r',eo) in place of qu(r',ao) undor the integral sign in Eq. (66)

the result will be to yield an approximation to N(r,8) valid for large b.
Physically we are recplacing the actual current distribution on the cons
by tiie onc which cbtains when the cono is infinitely long. This approxi-
mation could itself be introduced into the right-hand side of Eq. (66) to
yield a sccond approximation, and so on, but we shal. not go beyond the

first onc.

n_(r,8) can be obtained from Eq. (28) by closing the contour at infinity
and cvaluating the resulting integral as a sum of residuss at the zeros of
D(u) (cf. Ref, 2). The result is

~

! m il
ispmbebi § Fiossbabins S wimar b4

kb A
T RN T AT AR

v Pv_ 1 /2(c°s°<)Pv-l 12 (-cose>)

B_(r,8) = 2sik ), —

(1)
v D (v) Po-1/2 (=038,) j\'-1/2 (k‘)hv-llz (kr)

67

nis hish o

E llere we have used Eqs. (A-1) and (A-2) to express the modified

3 Bessel functions in terms of the spherical ones, The summation in Eq. (67)

is over the roots of D(v) = 0 whero D(v) is defined in Eq. (26). From Eq. (67]
we obtain the expression

1 i
tri Mt

2
an_(r' ,8,) --Ztikzv: l’.{l‘f'_('v_)lﬁl Pyorj2(-cos8o)l, 2(1(3)1;&2/2(1,')

(68)

s tedbosh,

: which is to bo substituted for an(r',ao) undor the integral sign in
Eq. (66).
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In the far field (z = =) the Green's function in Eq. (66) can be
simplified

2 .
'dé exp(ik]r-z']) kT 7

2 ~
.L : 4 lzﬂz.l T

2%

c"i’i'ikr" [sinesine’cos(¢-4')+cosbeose’ ]§ =
L4

ikr

exp(-ikr'cosecosd’) J (kr'sinosine')  (69)

Similarly the lank=1 functions sppearing in Egs. (67) and (68) can be replaced
by the asymptotic values

ikr

h(l) -velf2 @

This must clecrly be dono in Eq. (67), end in Eq. (68) it is justified since
we are assueing that b is large. With these modificaticns we introduce
Eqs. (67). (68), and (69) into Eq. (66) to obtain

Ixr P {zos6 )P (-cos5.)
1/2 e vel/2% <’ v=1/2 >
B{x,9) = -i < E ; v L 72(€038 ) ¢ 5

v

(70)

)
R




AT AT AT A S, KA A e

S Ho it H LK B4 D HERY

3

:

y 3
t E
3 &
3 3
Z 3
3 3
3 3
-3 g
=< 3

m
l
PR

AR L i Biiiyer b L DT EETROR T TR B TR XUV P T L TR T DTt T T

<here

v ' .‘v-ll 2 {ka)

2
Y, * éf“ - V“’w;/z("“"o)

£(0) = f R Jo(ax)x'ld:
kb

a = 1 -coseocosa

8§ = sxneosme

The far-field radiation patiern becomes [cf. Eq. (64)].
2 2 2
T aui 1 - .
F(8) = (—ka) LB( . ——-{)2 z": cvrv\i)t

where F“(e) is the derivative with respect to 8 of the expressionm in
braces in Eq. (70).

Fy-1yalest) .
Teamr S Pyo1y2(cose)sing v £ (0) for 8 5 8,
- 9-1!- [+
rv(é) =

: +
[ Pv-l /2(-c038)sxne + va‘o(s) for 8 2 ao

U oo xi ' 3
£ (0) {tan(ﬂ/l’) ‘f S RN CORT Jg(ax)de (838)
L-cct{alz) s L

{71)

(72)
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Here the discontinuity in f;(e) has beor exhibited explicitly with the
telp of the Webor-Schafheitlin integeats, Ix is readily verified
trat 7,'“(0) itsolf is contiauous

+

[}] 2y
2 COSVE 1 v
FP@®I® « -& N =0
[v ]9_ r P“_Ilz(cowo)' sinao sind
9

Tq show this we have used the Wronsxian relation [Eq. (A-12)] and the
fact that v satiriies D(v) = 0,

Nots thut f;)(e) dopends only on 8, and on kb and is indepandent of
the sheath pzrameter g and the souvce location a. It has besn svaluated
numerically for kb = 20, 6 = i0°, and the resuits are given ir Table <.
A tabie of the Legendre functinus Pud éz(cose) for g = 0,1, 1, and 13 has
been furnisasd in the previous ropost,
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I1l. RADIATION PATTLRNS

Figure 2 is & plot of the radiation pattern of the dipole source in an
infinite conical shoath for various values of the sheath parameter g. The
dipole is driven at a frequency corresponding to ka = 1/3, and the cone angle
is 0, * 10°, The dotted curve labelled g = 0 is the frce-space pattern,

In sin2

8. The intensity lovcls are given in decibels referred to that of
the froc-space pattemn <t 90°, that is, to unity. Thus the quantity plotted
is 10 Iogloﬁ(a) where F(8) is given in Eq. (65) or Eq. (71). It is clear
that the presonce of the sheath leads to enhanced powor output (increased
radiation resistance) for low valuos of g and to & susface wave which is
especially pronounced at intermediate values. Those effects are discussed

2
at length in the provious report.®

Figurc 3 shows the cffect of increasing frequency on the radiation
pattern labelled g = 0.1 of the previous £i jure. The incipient formation of
lobes at the higher frequency is evident. 7The radiation pattern is fairly
insonsitive to frequency with the level proportional to (ka)'z for (ka) 51/3,

Figures 4 and 5 exhibit the effect of finite slant height on the radiation
patterns, They have been drawn for sheath parameters g = 0,1 and g = 10,
xespectively, and the same cone angle, 10°, The curves labelled kb = 1
(correspe .ding to A = 2xb) unave, of course, becn computed by the scheme
described in Part A while the perturbation scheme of Part B was used to obtain
the curves labollod kb = 20. In this last case the siant-height is only about
3 wavelengths long, b = (10/x)X, so the numerical values w2y be somewhat in
error as they are bascd on the first texrm only of & perturbation expansion
in A/b.

Thesc plots indicate that truncating the cone har & pronounced effect
on the radiation. At a slant height of threc wavelengths the surface wave
is sharply reduced, and there is some change in the total powor output,
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At a slant hoight of one-sixth of a wavelength the surface wave has

entirsly disappoared although the total power output is still markedly
different from that corresponding te the bare dipole, It is interesting that
the powar output remains high for tho weakly reflecting sheath (g = 0.1)

but it is greatly depressed by tho strongly reflecting one.

The tremendous variation in intensity radiated at different angles
necessitates the uso of a decibel or logarithmic scale to display tae
entire pattern. llowever, the distortions this introduces are misleading.

Accordingly, different portions of the radiation patterns of Fig. 4 have
been reproduced on a linear sczle in Fig, 6.
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APPENDIX A,  TABLE OF FORMULAE

The modified ox hyperbolic Bessel functions Iu(x). Ku(x) are

, % velated to tho cylindrical and spherical Bessel functions by
- 1/2
E B s i”¥ - i"¥ .23. -
: 1,00 = 4™ g = (HE)TT g o (A1)
- ut* 7 W ) by v (
and to each other by
R0 = = 3 W EIT(-W I () - 1,00] (a-3)
= Note that they are integral functions of u and that K (x) is even in u.
"; They have the asymptotic forms .
Iu(x) ~ (2:;)'1, LR : Ku(x) s (t/Zx)l’ 2 gx (A-4)
.3 for x » |u| and
= v : .
E - w0~ SBL o (o) v LWL, o I (A=5)
E = ¥ w ¥ W' W™
for |ul » x,
H
%
g
g . / -
g
R T < — T $BE - ai
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From tne differential equations satisfied by Iu(x) and Kv(x)
(a4 4 2 2
(xﬁza; - X -u)lu(x)-o
(x ‘a!-;x ?K - x2 - vz)xv(x) =0 (A~6)

it follows, on multiplying the flirst by K 9(::). the second by Iu(x),
subtracting and integrating, that

(u -v )fl (x) K, (x) — = x{K (x) 1;(:0 - Iu(x) K:,(x)} (A7)
and hence
W2v?) f LK, E . (A-8)

provided Re{u-{v}} > O.

The Legendre t’“_l lz(cosa) is an integral symmetric function of »

satisfying
14 d 2 ‘
(n'ne Ig sinb gy v - V‘) P L.y/2(c080) = 0 (A-9)
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and having the asymptotic behavior

/2
Puol ’,2('.:0:9) ~(' nzs ; cos{vé-n/4)

88 |uj = provided 0 < 6 < 1,
When ¢ = n ¢+ 1/2, n an intsger

P,(-x) = ()" P (%)

and othorwise (u - n + 1/2)
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APPENDIX 8. THE REGIPROCITY PRUINMCIPLE

In this Appendix we varify thot the usual reciprocity principle holds
in the prasenco of current sheets,

Consider two source distributicas of curvent J,(r) and J,(x) and
tholr correspunding fialds -‘:‘-1‘ Bl' Ep ;jq in a region V encloscd by surfaces
3. Thea the veiation

S e L e T e T

Lol b

f%xﬁx-’z}.xﬂz) ..Eds'J‘(El’Jz'Ez‘Jljév
S

follows directly from Maxwoll's ecquaticas on the assimption that the sources
have the sames hssmonic tize dipendance, If now we take the current sources
to be radial and to have the form

4= 8- x)

R T T I L T T I T ]

and if we consider thc surfaces S to consist of the inner and outer surfaces
of the conical sheath together with the surface at infinity, then this
eguation redutes o
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where tho integration is now taken ovor just one surface of the cone, and
[u’} denotes the jump in Ilé across this surface, Imposition of the jump
boundary conditions across this surfece then causes the integral to vanish.
Thus we conclude that the radial component of the electric field is symmetric
in source and receiver coordinates,
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able 1. Computed values of quantities discussecd in Scction A-G.
1= 0.1 g =1
P L(-p} S(p) p L{-p) S(p)
-1 .27 - L2504 aene -1 1.63 - 2.66i ———-
1 875 + 1721 11,5 - ,9031 1 2799 ¢ 1,304 -.381 « 1,27 :
1.5  .830 + ,245i 10,0 - 1991 1.5  .735 « 1,80i -,446 + .802i :
L 2.5 .760 « 3744 10,2 + 1,886 2.5  .644 » 2,631 ~,337 ¢ ,518i E
3.5 .706 + L4861 9,26 + 3,22i 3.5  .579 + 3.31i -,267 + ,367i :
L2320 i:
‘P L(-p) S{p) 4
-1 -.939 .e- §§ :
1 1.99 .0128 g =
1.5 2.38 .00445 E
= i
2.5 3,03 .00272 g i
3.5  3.57 .00184 g
Table 2. Computzd valies of the exprossion dofined in Eq. (72). g j
8 10°  30° so* 70° 9e*  110°  130°  150°  170° F{ i
. E
Ro(fy (9)) |-10,0 1.11 -.038 341 .13 -.038 -2 -.048 -.015 5.4
xmtfg(e)} -2,93 -84 377 .365 .360 ,238  .073 .10 -,082 gg %g
E i
E
g i
=" :
g K
*
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vI. PROPAGATION OF TRANSIENT SIGNALS IN PLASMAS
C. T. Case and R. E. Haskell
Air Force Cambridge Research Laboratories

Bedford, Massachusetts

INTRODUCTION

Most analyses of wave propagation in plasmas are Lased on'the
assumption of a monochromaiic wave. Although no real signals are
truly monochromatic, this assumption is often a very good one for
many applications. However, with the advent of very narrow pulses
an? extremely fast rise-times, the frequency spectra of certain signals
are broad enough for a large number of {requency components to inter-
act significantly with the plasma. !

The dispersive nature of a losslees, isotropic plasma may be

seen from the simple dispersion equation

oF - p? m

~
L[]
o=

‘wheve k is the wave number, w is the angular frequency, c is the free-
space veclocity of light, and I is the plasma frequency. This dispersion

relation is plotted in Figure 1, where it is observed that no propagation

occurs for freguencius below the plasma frequency. As the {requency

e PPN AT 11111 1 0 L AL

increases above the plasma frequency the phase velocity decreases
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Fig. 1 Dispersion relation for a lossiess, isotropic plasma.
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from ini:nity toward ¢ while the group velocity increzcer from zero
tuward c.
The response of a nonmounochromatic signal propagating in a

Gispersive media can in principle be determined by a superposition

e

e 6 S0 v 6 3Rkt s Attt B ar aner e o

of all of the Fourisr frequency components, each of which propagates

according to Figure 1. If the frequency epectrum is sufficiently narrow

LU VN

ed as a wave packet and the wave number k given by {1} may be expanded
in a Taylor series aSout .. This technique has been widely used to
determine the overall degradation of pulsed signals propagating in dis-
persive mzaia.z's However, this anal/sis is not valid if the frequercy
spectrum is very bracd and thus it can not be used for very short pulses,
for describing the initial arrival of the signal. or for analyzing with no
carrier frequency. In this paper these special cases will be discussed
by solving the initial value problem of waves propagating in plaemas

using Laplace transform techniques
FORMULATION OF THE PROBLEM

Maxwell'a equations which describe the propagation of electromag-

netic waves in an isotropic plasma are

My 4
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J = -Ney (3

and ¥ is determined from the equation of motion

-i’% tov= - F:-' €. (4)
In these equations N is the electron number density and viz an effective
ceollisicn frequency. ~

Let us conzider the onc-dimensional problem in which € is linearly
polarized in the x-direction and is propagating in the z-direction. We
shal! write the x-component of ,_C_(t, z} as £(t, z) anc the Laplace trans-
form of £{f, 2} as Els, z). If we then tzke & Laplace transform in time
of Equaticas (2)-(4) and rolve for E{e, z) setting all initial conditions

equal to ze2ro, we readily obtain the equation

2 Iy 2
FE(s,z) 2 F a0 g0, (5)
azﬂ Cz '+V

We wish to determine the time response £(t, z) in the semi-infinite
region z > 0 when the time response £(t,0) is prescribed at z = 0. The

solution of (5} may then be written
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E{s,z} = E{s, 0)e

Oln
»
o

{6}

where E(s, 0) is the Laplace transform of £{t,0). The tizne response

£{t, z} is then obtained by taking the inverse of {6}. Taat is,

E(t.z) = Ei-_, S E(s, 0)e < 5TY s, (7)
¥

If collisions can be neglected then {7} reduces to

o
1 st - % ¥a24 @2
git, z) = oy S E{s, O)e ds. {8)
. v

We sball investigate various solutions of {8) in the following two
scctions. Equation {7} will then be inveztigated in order to determine
the role which collisions play in the propagation of transient signals in
plasmas. Finally, reflections from 2 plasma-vacuum interface wili

be considered.

B e

A B N YT

.
0y vt s bl g 3 I G et G o s

Hiret ttsaree b NG ET 3 1

AR 0 AT T POy

I

W




S

+ e S —————c T} T

aramn o

200

NUMERICAL SOLUTIONS FOR SHORT DISPERSION LENGTHS

There are very few initial transforms E{s, 0) for which the
inverse transform {8} is known. One exception 1s a unit step mag-

netic field at z = 0 for which H(s, 0) = 1/s. From Maxwzll's equations

E(s,z) = i 2 H(s, z}
’ = T T/ » '
% ANs2+®
so that
e
i
E(s,0) = j 2 1 (9)

€& 5%+ B°

Equation (8) may then he written as

[. ¥y ~ié' Vs + 1I°

[

_p-l 0
e“'z)_gf NCrece

|

()

which, {roma tables is

.
0 0<t<zfc
£(t, z) =4 {10)
18 2
2 ﬂ’tz—i*)t:vz/c
€ o c3
\ [+]
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where Jo(x} is the zero order Bessel function of the {irat kind. Note
that no signal arrives prior to the time t 2 z/c.

The solution (10) is a damped oscillatory function wnose frequency
approaches the plasma frequency for large times. The argument of the

Bessel funstion in (10} may be written as
e
o= n \J? -4 . (11}

If we define the "instantaneous frequency" of the oscillation by

w = d'b/dt, then feom (11} we find that

"t TrET izl
Vi -z/gzt

Thus for early times (t2 zﬁ:} the instantaneous frequency is vexry high
and approaches the plasma frequency for very long times. The instantanecus
frequency also increases for larger plasma frequencies and longer disperzien
lengths.

Fer other forms of E(s, 0}, the inverre transform (8) can not be
fcund from tables and alternate methods for evaluating the integral in (8}
must be found. For the particular case of a step sine wave input the solutien
can be written in terms of a2 sum of Bessel £unctions6-8, which can be

expressed in terms of tabulated Lommel functions?-u
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Integra! aclutions which may be evaluated numerically for shert
dispersion lengths may bo obtained either by contour integration or by
using the convolution theorem.g' 10, 12 In this section we shall present

results obtainad by use of the convolution theorem.

The time reaponse given by {8} may be written

. 5z+n2

£l |5 e © . (13)

Since, from tables 13

POV UR TP PP

Ut - z/c}

where Ult - z /c) is the unit step function, we can, by using the convolution

theorem, write {13) as

£ {t, z}= E(t-z/e, 0}

t J(n /t,z_z%z 1
- —%—S/E(t -t 0) JW—)&{J Ult - 2/}

(14)
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If a unit step £ field is turned on at z= 0,then {14} becomes

{
E b 2= ll

i

R vl

discussion following (12j.
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"1 oule - 2/}
LA j /*

written in normalized form as

ilr - 7}

U(r -0}

"

Equation {15} has been evaluated numinerically and the results are shown
in Figure 2. Note that the argument of Jl in {15} is the same as (11} and

that the " instantaneous frequency" shown in Figure 2 is in accord with the

If a unit step-carrier sine wave is turned on at z= 0 then {14} can be

{16}

{17}
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Fig. 2 Time response at IIz/: to a unit step E field turned on at z = 0.
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Th: results of numerical integration of (16} are shown in Figure 3.
Note that the instantaneous frequency of the first cycle is higher for
larger values of H/uo and woz/c. Also note that the envelope of the
osrillations buids up more slowly as the plasma frequency Il approaches
the carrier frequency w . Finally,we see that the psaks of oscillations
do not increase mor.otorically toward unity but rather oscillate about
the value one.

For thc overdense case, P > 1, the waves are evanescent in the

M /p% .1 . Avalue of n=2r

steady state with an amplitade given by e
corresponds to a propagation distance equal to one {ree-space wavelengths
The response at 1 = 1 is shown in Figure 4 where the steady state valucs
of the evanascent waves are raached after only a couple of cy:zles. On the
other hand,the response at n ®5,which is plotted in Figure 5,shows that the
amplitude of the oscillations is still rfmch larger than the steady state value
even after many cycles. Of course the steady state amplitude of the
evanescent waves decreases drastically as 7 increases. Note that the

instantanesus frequency of the last cycle shown in Figure 5b is still about

twice the carrier frequency.

In order to investigate the effects of a finite rise-time on the

dispersion of a caxrier pulse, let

U

_

gt 0= {1 - e""“’ot)ei“’ot uly) . (18)
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If we substitute (18) into (14) and use {17} we obtain

E('r.n)'-'lm M- m)

. v J,{P \/uz - n%)
-Pne 5 r du “9)
1 \}u -1

're(u -i)uJ (P ‘2 N t‘2)
+ Pﬂc-(a - i)‘rS‘ 1

duf Ul{r -7 »

e-le - (T - m)

R e
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The results of numerical integration of (19) are shown in Figure 6 where the
envelopes of the oscillations are plotted for different values of a.
APPROXIMATE SOLUTIONS FOR LONG DISPERSION LENGTHS
For very long dispersion lengths {i. ¢., large values of 1) the
numerical integration method described in the previous section loces its
uscfulness. This is due to the fact that under these conditions it is necessazy

to take the difference of two very large numbers in order to sbta!.. a small

visidh

number leading to possibly large errors. However, it is just in this region

of very large 1 that approximate solutions to the transient prepagation

prcblem work very well. We shall consider approximate soluticns of tte

integral in (8) for the propagation of 2 unit step-carrier sine wave.

R T
LAl il .A‘V A

The arrival of the signal wavefront at the time t = = /c {r =n)
14, 15

S

has beer analyzed by Sommerfed. I{ the integrand in (8) is expanded

B A

1

for high frequencies,then one finds that under the conditicn
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1
the solution te (€) may be written in the form 0. 15

£ o, n)=pé—n- VT I, (fu'} Ulw) (21}

where

us 2En(T - n) . (22)

This solution is plotted in Figure 7. Note from the condition {20) that thie
solution is valid for t.mes immediately following the arrival of the wavefront.
After this initial time period it is possible to use the saddlepoint
method of integrationls’ 16 to evaluate the integral iu {8). This method is
based on the fact that if the contour of integration can be deformed through

the saddlepoints along the lines of steepest descent, then the major contribution

to the integral will result from integrating in the vicinity of the saddlepoints.

_If the second derivative with respect to s of the exponent in {8) is sufficiently

large then the saddlepoint solution will be a good approximation to the actual

solution.

In the integrzl in (8) the location of the enddlepoints, found by

equating to zero the first derivative with respect to s of the exponent, are
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(23)

As time increases after the arrival of the waveiront the two saddlepoints

move in from * o along the imaginary axis approaching +ill for long times.

These saddlepoints and the paths of steepest descent through them are

shown in Figure 8.

‘The time interval from just after t= z/c,until the saddlepointz Spproach

the vicinity of the poles,is called the precursur regior. :aq this region the

1
saddlepoint solution is given by 0

Etr.m=]f ] cos {P \/fz-qz +r/4)

where
w
~r=ml __\‘!
l<l= Wl |
and

73

5=
?nv‘z - st 1/4

W = (* - By a - P
2.2
#°p

(24)

{25}

(26)

211

T R )

el L T L N B e N B




e

e e

J T e el T

4% 58 65 75 85

AR R Tyt e S b Eernee sk S

T

Fig. 6 Oscillation envelopes for various finite rise-times of a

turn-on <ine wave.

2

(W)

"

S riesaie SSRe A S




o

s s TR s

A universal curve representing the envelope of the precursor is plotted

from {25} in Figure 9. Note that the amplitude of the precursor increases

with increasing T for w < 1 and decreases for increasing 7 for w > I.

7
n\/l-P

The amplitude becomes infinite at w = 1,which cccurs when <

and corresponds to a time of arrival at the group velocity {i. e., t:g = z/vg} .

By setting 8 = iwo in {23} we see that this also corvesponds fo the time at

The standard saddlepoint solution

which the saddlepoint crosses the pole.

given by (24) breaks down in this r2gion,

This time interval during which the saddlepoint crosses a pole includes

the arrival of the main signal at the group velocity. An approximate

solution which is valid in this time interval fo: large N may be obtained by

expanding the integraad in (&) about the poie at & = iiuo. The corresponding

solutron is given by

ELT,n)ﬁAsin('r -7 \fl -Pz +90)

(27)

(28)

(29}
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0 =tan
o

1 __Cgvl - ng! )
1 4 C(v)+S(v})

and

Clv) = S‘ cos (—-;—- xz) dx
0

S(v} = Sy sin (—-ZL- xz) dx
0

are the Fresnel cosine and sine integrals respectively.

The amplitude function A given by {28) is plotted as a function of v
in Figure 10 and will be referred to as a master Fresnel envelope. The
time history of the envelope (as a function of 7} for a particular value of P
and 1 is determined by using {29) which acts like a “stretching factor"
and simply changes the abscissa scale in Figure 10. Note carefully that

the master Fresnel envelope has a value of 0.5 at v =0, which corresponds

toT = TIA:‘I - P2 and is the time of arrival at the group velocity ‘rg sz g

In order to determine the time scale at which the ringing of the master
Fresnel envelope occurs we note that on the v scale the ringing occurs for
changes of v of the order Av~ 1, Thus from (29) we see that the ringing

will occur on a time scale At ~l/am°. whezre
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The solution (27) is basesd on an expansion of the exponent in
{8} in a Taylor series about s= iiwo. Only the first three terms in this

expansion are kept and this is justified as long as

n‘/l-Pz - s>, (30)

This condition is based on the requirement that a large numbeyr of cycles
occur between the arrival of the wavefront at ti = z/: and the time of arrival
at the group velocity 1:8 ] z/vg. We note from (30) that for times greater

than tg the soludion {27} will be a good approxim stion for very large values

of 1, depending on the value of P. For values of P greater than .866 the
coefficient of 1 in (30) decreases from .25 toward rero as P approaches unity.
The condition (30} therefore becomes more and more difficult to satisfy.

This is due in part to the fact that the pole comes  very close to the branch
point and the expansion fails in this region. This problem can be partially
overcome by a suitable conformal t’:anéaxmation‘,' 10 waich wiil improve

the range c. validity of the solution for values of P very close to one {P > .99).

The results of this section are summarized in Figure i1 where the

total envelope response to a unit step-carrier sine wave input {s plotted for

Taalo e

on

P TR 2

vepves,

Vo s vy 4t

R T T A

s

e geRR I IBMIY wieveR PR

Y S 2

Y R R B30

TSR




‘0 = 2 3% U0 PAIUIN] dAeM

tuje rotaxed dojs e 0} Q0T = o\\so3 je 9suodsox sdotaauo fejoy 1t *Bra

{om
AfZ 2} 9/2 3y
00¢ (0]+]] 001

_ !

|

|

|

.*__.

|

|

|

|
fm——

S0

(4)3

ot

T L o D SN




HY

sowen

o wnie

PRV

PR L ———————

the particular case of P= 0.8 and 1= 100. This total so:ution is made up
of three separate parts. The first is the Sommer{feld solution for the
arrival of the signal wavefront. This is then joined to the precursor region
which is evaluated by the standard saddlepoint m=thod. As the saddlepoint
approaches the pole in the complex s-plane this solution is then joined to
the master Fresnel envelope solution. This total solution then approaches
the steady state value of 1 fox large times.
COLLISIONAL DAMPING OF TRANSIEMT SIGNALS IN PLASMAS

In order to determine the effect of collisions on the envelope response
found in the previous section,we consider the integral in (7). For this case
the trajectories of the saddlepoints move off of the imaginary axis in the
complex s-plane. The arrival of the main signal occurs when the saddlepoint
moves into the vicinity of the pole. Since we are interested primarily in this
part of the solution,we shall consider a modification of the pole expansion
of the previous section.

If a step-carrier sine wave of unit amplitude is turned on att = 0

then the solution given by {7) may be written

£ 2= m[;,_%j‘ e Ml Ny, (1)
Ta o

where

W(s, t} % st - 2 (32)
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An approximate solution of (31} may be obtained for the main signal

build-up by expanding W{s, t) in a Taylor series about w . The solution

may be written in the iormm

$(t z)s -Im e Wi ) -%_— [1 +erf 9(-iw°)} (33)
where

CIPRP M C L
o

W ﬁwo) re {34)

and where ¢ muy be shown to be a pozitive angle between 0 and ‘.'/4.

The envelope of (33) is given by

1
*-2— [l + exf e(-ib)o)]

W(-iug)

€t 2] = [oVEeol

The exponential function, e » i8 just the attenuation which a steady
state wave of frequency w, suffers due to collisions. The remaining factor

can be written ag

Nl»-

B{r, 6}

' [l +erf © (-iwo)]
(35}

! 2 12 4 [2 e 0 P
3= V[lf{—_;_— v(r.B)J +[F u(r,ej »
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where 6 ® 3/2 - 4 and we have used the relations

erf9 = - 2 F=}
T
io !
where z 2 ig = re and
T 2
Flz} = S e dx
Q

{36}
=u{r, 0) +iv(r, 8) -«

The function F{z} given by (38) is tabulated for complex arguainents. 7

The behavior of the function B(r, 8) glven by {35} is shown in
Figure 12. The trajectory (r, 0} as a function of time depends on the
collision frequency ¥v. When v 2 0, @ 3 45° und the envelope solution ias
that given'by (28) with r equal to the argument {29). If v § O,the angle &
is not constant as time increases, but rather decresses irom: 90° approaching
some argle between 45° and 90° asymptotically for large times.

It is therefore seen that the effect of zollisions is two-fold. Firset,
the entire envelope is attenuated an amount equal to the attznuation of
2 cw wave with an angular frequency w,. Second,the " ringing" of the

envelope is inbhibited and quickly damps out.
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REFLECTIONS FROM A PLASMA-VACU{M INTERFACE
An electromagnetic signal which is reflected {rom or transmitted
through a plagma-vacuum interface will be uispersed as a <esult of the
discontinuity in the madium at the interface. Let 2 losslegs, isotropic
plaema occupy the kalf-space = > 0.and {ree-gpase occupy the half-space
z < 0. A wave i{acideni on the boundary from th> free space side will

give rise to a reflectad wave in {ree space and a iransmitted wave in the

" plasma. Applying the boundary conditions by equating the tangential

components of the electric and magneiic fie ds onv either side of the

boundary,one can readily obtain the coniplex reflection coefficient

8 - sz-l-nz

s'i-‘/a +1

If the incident wave is a step-carrier sine wave, then the reflected

R= e (37)

signal at *he boundary is given by

ds (38’

3

23,(1)
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we obtain
t 7
. ey Jo(It) s
£Rm - -ZImS RUNCERS i{'_—- 4t R (39)
0

Equation (39) kas buen evaluated numerically and the results are shown
i~ Figure 13. Reflection from a perfect conductor is indicated by the dashed
curve in Figure 13a. The major feature of these curves ias the apparent shift
or ""delay" of the initial cycle of the response which inc-eases as the plasma
frequency decreases. This ‘'delay time" has been discussed by C‘henls and

19, 20 L1 0 find it to be related to the time t._ = 2/

Knop s D

In order to obtain a physical meaning for this time delay ty let

us write the reflection coefficient R given by (37) in the form

s P+ ? exp | fa i’ N O n-’-)- In(s + ,sz-s-nﬂ,(w)

st Js + 1

1£ {40} is substituted into (38), then the saddlepoints of the resulting exponential

function are given by
s =+ \[J—2~ - nt (41)

Thus at t = ¢ the saddlepoints are at o on the real axis. As time increases

they move inward along the real axis. Art= ?.SAI they merge at the origin to
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form a third order saddlepoint. Forx t> 2/l they move along the
imaginary axis and approach the poinis £ ill for large times. For times
t <2/ 1l the saddlepoints are located on the real axis and the solution is

nonoscillatory in nature, increasing monbdtonically in the negative

£ direction. The oscillatory nature of the solu‘ion occurs for t>2/l.

§ At t= 2/1 2 transition occu=s between these two types of solutions. The
saddlepoints moving in along the real axis, thercfore, represent the
"delay" which occurs before the oscillatory nature of the sclution can be-

gin. Unfor.inately, the saddlepcint solutions are not good approximations

for this problem since the "heights" of the saddlepoints are not sufficient
for the integral to be evaluated except in the neighbox:hood of the saddle-
points. However, the motion of the saddlepoints lends insight into the

nature of the ''delay time'" as described above.

CONCLUDING REMARKS

the wave travels through the plasma. For short dispersion lengths (less
than a few free space wavelengths), exact solutions must be ugsed. This
usually meana some type of numerical integration procedure is required.
For long dispersion iengths (2 very large nurnber of {rce space wavelengths),
approximate solutions mav be used with good accuracy. The wavefront of
the signal arrives with the velocity of light c. The signal then builds up

&
8
§
é
E
g Two types of transient solutions occur depending upon the distance
g
;
g slowly in the precursor region until the main signal arrives with the group
:
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velocity. As the propagation distance in the plaama increases, tha
precursor region becomes longer and the amplitude of the signal in this
region becomes smalier.

The nature of the dispersed signal can be divided into two categories.
First the envelope of the 3ignal becemes distorted, oscillating about the
steady state value. Second,the carrier frequency becomes phase modulated.
Whero the saddiepoint raethod of integration can be used, the "instantaneous
frequency " of the Jispersed signal is equal to the frequency corresponding
to the location of the saddlepoint in the ¢-plane at that instant «f time.
Whereas the enveiope of the distorted signal is a critical function of the
envelope of the input signal, the phase modulation characteristic of the
dispersed signal is primarily a function only of the nature u: the dispersive

plasma medium.
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